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One moment in annihilation’s waste,

One moment, of the well of life to taste—

The stars are setting, and the caravan

Draws to the dawn of nothing—oh, make haste!

Since nothing remains to us from all that exists,

Since everything that exists is to be doomed, presumably
Whatever is permanent does not appear in the world,
And all established entities are inexistent.

Omar Khayyam



Preface

Electromagnetic field computations in either man-made or natural complex struc-
tures pose challenging problems with respect to electromagnetic wave propagation
modeling, microwave circuit and antenna design, electromagnetic compatibility
issues, high bit rate and ultra-wide band communications, biological hazards
and numerous other problems. Since different problems exhibit specific combi-
nations of geometrical features and scales, material properties and frequency
ranges no single method is best suited for handling all possible cases: instead,
a combination of methods is needed to attain the greatest flexibility and
efficiency.

Naturally, with progress of computing facilities, the main focus has shifted from
analytical computations to numerical ones. However, in many instances, the com-
putations are performed in order to design a certain component, such as an an-
tenna or a filter. Dealing with design and optimization problems requires not only
the modeling of a given structure but also the evaluation of the sensitivities to
parameter changes. In these cases it is worthwhile to attain the highest numerical
efficiency in order to be competitive.

The present scenario witnesses the use of several different methods that, apart for
a few noticeable exceptions, are not merged together. Clearly, from the efficiency
point of view it would be desirable to solve the problem at hand in the most
efficient way, thus subdividing the computational space in various subregions
and by employing in each subregion the most satisfactory approach. Moreover,
while the above procedure has been followed in several specific contributions, it
is also important that the sought approach can be systematically employed for all
cases. Of particular relevance are the rigorous treatment of the field at boundaries
and the appropriate field representations inside bounded or unbounded regions.
The common ground which allows to achieve solutions that are rigorous, preserve
energy conservation, and that can unify different methods, is the use of network
theory, i.e. a rigorous translation of our field problem into an equivalent network
problem. In particular the field at boundaries can be rigorously represented by
using the Tellegen theorem for fields, which provides the generalized transformer
network representation. In fact, a boundary can be seen as a region of zero volume
in which no energy is stored neither dissipated, exactly as in a transformer. A
region of finite volume, instead, when lossless can be seen as a resonator and its
behavior may be described in terms of its resonances. Also, field propagation in
an infinite region can be described in terms of spherical transmission lines, which
provide an infinite, discrete, set of modes traveling along the radial direction.
Such scenario, to our knowledge, has not been presented systematically in a book
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and, in our humble opinion, deserve instead some considerations. The aim of this
book is therefore to illustrate with some detail how it is possible to describe
whatever realistic electromagnetic field problem in terms of network elements,
i.e. generalized transformers, RLC elements and transmission lines. The plan and
content of the book is described in some detail in Chapter 1 and thus is not
detailed here.

The reader may be interested in the genesis of this manuscript. Ties with Leopold
Felsen were initiated through his invited attendance of the “International Work-
shop on Discrete Time Domain Modeling of Electromagnetic Fields and Net-
works”, which convened in Munich in October 1991. Over a 14 years period we
have had a fruitful scientific cooperation. It was 1996 and two of us, Leopold
Felsen and Mauro Mongiardo were staying as Visiting Scientists with the third
one, Peter Russer at the Technische Universitédt Miinchen. A topic that was often
debated was that of complexity and how to find a systematic approach to com-
pute electromagnetic field in complex structures. For those who have a more deep
knowledge of the personality of Leopold Felsen it would not be difficult to believe
that not every discussion was a smooth one. Nonetheless, after some time, we
have found a considerable agreement on the procedure synthetically illustrated
above. From this starting point we have worked on a sequence of papers illus-
trating the procedure, and in particular on triplet that was later published in a
special issue of the International Journal for Numerical Computation. Also, a few
other contributions increased our belief in this approach. A few years later, we
agreed to start to work on a monograph on this subject and several other vivid
discussions followed. Also a plan of the chapters started to evolve and after a
certain time we initiated the actual work on the book. Our aim was to introduce
the reader gradually with respect to the novelties; to this end we have started
the book with standard electromagnetic theory.

As a large part of the book was already assembled and reviewed, the health
conditions of Leopold Felsen deteriorated significantly leading to his untimely
departure. This event left us with a deep sorrow for we greatly missed Leopold
Felsen and his invaluable suggestions. The monograph project we tried to make
what would have pleased him most. Since at that time Leopold Felsen has already
contributed to the writing and corrections of the first four chapters of this book
we decided to leave them in the form he was comfortable with. Accordingly, our
task for this chapters has been only to implement his handmade corrections and
improve figure qualities and other minor details. Also Chapter 5, although not
yet complete, was already discussed with Leopold Felsen and agreed by him.
The completion of this chapter and some other refinements have put the book in
a condition that seems appropriate for disseminating the main ideas contained
in it.

We are grateful to Leopold Felsen, for the instructive and pleasant time spent
together. In Leopold Felsen we admired not only the exceptional scientist but also
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a strong human character who has confronted his life’s challenges with strength,
courage and honesty and in the spirit of reconciliation.

We would like to express our appreciation to Patrizia Basili, Christos Christopou-
los, Nikolaus Fichtner, Roberto Sorrentino and Cristiano Tomassoni for many
helpful discussions. We thank Nikolaus Fichtner and Uwe Siart for support in
solving typesetting problems. A particular thank goes to Christiane Wangerek
who with her constant assistance has made possible for us to concentrate on the
scientific part and rely on her superb organizational skills. We also would thank
Leopold Felsen’s son Michael Felsen who always has been very close to his father
and has also taken the task of keeping us informed about his health and finally
has encouraged us to finish this project. We would also like to express a sincere
thank to our family members that have tolerated our secluded time and have
provided constant and strong support to our effort.

Munich and Perugia, Mauro Mongiardo
November 2008 Peter Russer



Contents

1 Introduction.......... ... .. . 1
I Motivation .. ... ..o 1
II The Architecture. ........ ... ... 3
II.1  Problem Partitioning ......... ... ... ... .. ... ... .. 3
1.2 Network Representations.............................. 4
I1.3  Methodological Hybridization.......................... 5
IIT  Organization of the Book .......... ... ... ... ... ... ... ... 6
References . ... ... 9
2 Representations of Electromagnetic Fields .................... 13
I Introduction. . ... ... i 13
IT  Maxwell’s Equations. . ....... ... .. 14
1.1 Maxwell’s Equations in Time-Dependent Form .......... 14
1.2 Maxwell’s Equations in the Frequency Domain ........... 17
I1.3  Maxwell’s Equations in the s~Domain .................. 18
1.4 Constitutive Relations . ......... ... ... .. .. .. ... ... 18
1.5 Boundary Conditions ......... ... ... ... ... 20
IIT  Theorems and Concepts for Electromagnetic Field Computation .. 21
II1.1  Energy and Power ........ ... ... ... ... ... .. ...... 22
II1.2  Field Theoretic Formulation of Tellegen’s Theorem . ... ... 26
III.3  Uniqueness Theorem ............ .. .. ... 27
II1.4 Equivalence Theorem . ........... .. ... .. ... 28
IV Field Potentials . . ........ ... 32
V  Separation of Variables: The Scalar Wave Equation ............. 35
V.1  The Scalar Wave Equation in Cartesian Coordinates . . . ... 37

V.2 The Scalar Wave Equation in Spherical and Polar
Coordinates . . .. .ovv 40

V.3  The Scalar Wave Equation in Cylindrical Polar Coordinates 41



XII  Contents
VI Sturm-Liouville Problems . ......... .. ... ... ... .. .. ... 43
VI.1 Source-Free Solutions: Eigenvalue Problem .............. 43
VI.2 Source-Driven Solutions: Green’s Function Problem. ... ... 49
VI.3 Relation Between the Spectral (Characteristic) Green’s
Function and the Eigenvalue Problems.................. 54
VII Radiation and Edge Condition ............. ... ... ... ... ... 56
VII.1 Radiation Condition............. ... .. 56
VII.2 Edge Condition in Two Dimensions .................... 58
VIIT Reciprocity and Field Equivalence Principles................... 59
VIII.1 Reaction in Electromagnetic Theory .................... 59
VIIL.2 Lorentz Reciprocity Theorem .......................... 60
References ... ... .. 67
3 Wave—Guiding Configurations ................................ 69
I Introduction. ... ... 69
II' The Transverse Field Equations .. ............................ 70
II.1  Source-Free Case ....... ...t 70
I1.2  Source—Excited Case .............cooiiiiiiiiiiai.. 72
IIT TE and TM Potentials......... ... ... .. ... ... ... ...... 74
IV Modal Representations of the Fields and Their Sources.......... 7
V  Scalarization and Modal Representation of Dyadic Green’s
Functions in Uniform Regions........ ... ... ... ... ... ..... 80
V.1  Mode Functions .......... .. ... .. i 81
VI  Fields in Source-Free, Homogeneous Regions . .................. 82
VII Green’s Functions for the Transmission-Line Equations.......... 83
VIII Modal Representations of the Dyadic Green’s Functions in a
Piecewise Homogeneous Medium . ............ ... .. ... ... ..... 85
IX Modal Representations of the Dyadic Green’s Functions in an
Inhomogeneous Medium . ........ ... ... ... .. . . 91
X Network-Oriented Formulation of the Characteristic Green’s
Functions . ... . 93
X.1  Alternative Representations ........................... 99
XI 1D Characteristic Green’s Function and Eigenfunction .......... 104
References .. ... ... 123
4 Two—Dimensional Problems .................................. 125
I Introduction . . ... ... 125
II  Electric Line Source in a PEC Parallel Plate Waveguide . ........ 125
I1.1  Constituent One-Dimensional Problems: z-Domain . . ... .. 126

1I.2  Problems in the z-Domain ............. ... ... ......... 131



Contents XIII

II.3  Two-Dimensional Waveguide:(Finite z)—(Bilaterally

Infinite z)—Domain . ........... ... i 141
III  Electric Line Source in Radial-Angular Waveguides............. 150
III.1  Imtroduction .......... .. ... i 150
II1.2  Constituent 1D Problems ............................. 151
II1.3  Eigenvalue Problem in the p-Domain ................... 152
II1.4  Spectral Green’s function problem in the p-domain . ... ... 153

III.5 Two-Dimensional Green’s Functions: Alternative
Representations. ......... ... i 153
References . ... ... 155
5 Network Representation of Electromagnetic Fields............ 157
I Introduction. . ... ... ... 157
I Method of Moments .. ............ i 159
II.1  Expansion Set .......... ..., 161
ITT  Regions of Zero Volume: the Connection Network .............. 164
III.1  The Connection Network.............................. 164
II1.2  Tellegen’s Theorem for Discretized Fields ............... 166
II1.3  Testing of the Field Continuity Equations ............... 166
I11.4 Independent Quantities .............. ... . ... u.... 167
II1.5  Tellegen’s Theorem and its Implications................. 168
II1.6  Application to Orthonormal Bases ..................... 168
IT1.7  Canonical Forms of the Connection Network . ............ 169
IV Network Representations for Regions of Finite Volume .......... 171

VI

IV.1  Foster Representation of the Transmission Line Resonator 172
IV.2  Green’s Function and Multiport Foster Representation . ... 176
IV.3  The Canonical Foster Representation of Distributed Circuits178
Regions Extending to Infinity: Radiation Problems ............. 180
V.1  The Cauer Canonic Representation of Radiation Modes ... 183
V.2 The Complete Equivalent Circuit of Radiating

Electromagnetic Structures.......... ... ... ... ... ... 185
Solving the Entire Field Problem via Tableau Equations. ........ 186
VI.1 Primary and Secondary Fields ......................... 186

VI.2  Choice of Primary and Secondary Fields for a Subregion .. 189
VI.3 A Constraint on the Choice of Primary and Secondary

Fields .. ... oo 189
VI.4 Topological Relationships: Operator Form ............... 190
VI.5 The Tableau Equations for Fields: Operator Form ........ 191
VI.6 Solving the Entire Field Problem via Tableau Equations:

Discretized Form. . ....... .. .. .. . .. o 191
VI.7 Field Discretization .......... ... ... ... ... .. ... 192

VI.8 The Tableau Equations for Discretized Fields ............ 195



XIV Contents



1

Introduction

I Motivation

Many applications in science and technology rely increasingly on electromagnetic
field computations in either man-made or natural complex structures [1]. Wireless
communication systems, for example, pose challenging problems with respect to
field propagation prediction, microwave hardware design, compatibility issues,
biological hazards, etc. Because different problems have their own combination
of geometrical features and scales, frequency ranges, dielectric inhomogeneities,
etc., no single method is best suited for handling all possible cases; instead, a
combination of methods (hybridization) is needed to attain the greatest flexibility
and efficiency.

The above considerations apply especially to the development of an “electro-
magnetic virtual laboratory” where experiments are simulated via computers.
This type of virtual laboratory will probably become of increasing importance
in the future for the analysis and design of electromagnetic structures. It is also
noted that the availability of steadily increasing computing facilities has not less-
ened the need for efficient methods of electromagnetic field computation. This is
readily understandable especially in the highly competitive design of microwave
components. Success in this endeavor relies on more efficient techniques for elec-
tromagnetic field computation, which can be achieved by using hybrid techniques.
The necessity for hybrid methods has already been discussed in the past in
overview papers by E.K. Miller [2] and G. A. Thiele [3]. Hybrid methods ap-
plied to scattering and antenna problems have been treated by L.N. Medgyesi-
Mitschang and D.S. Wang [4-8], W.D. Burnside et al [9], G.A. Thiele and T.H.
Newhouse [10], T.J. Kim and G.A. Thiele [11] and D.P. Bouche, F.A. Molinet and
R. Mittra [12]. U. Jakobus and F.M. Landstorfer have devised techniques that
combine the method of moments and the geometrical theory of diffraction or phys-
ical optics [13,14]. Similarly, numerical methods such as finite elements (FEM)
method or finite differences (FD) method, have been considered by D.J. Hoppe et
al [1] and X. Yuan, et al [15] in conjunction with the method of moments (MoM).
R. Khlifi and P. Russer developed a hybrid method combining the transmission



2 1 Introduction

line matrix (TLM) method and the time-domain MoM for the accurate modeling
of the transient interference between remote complex objects [16,17]. D. Lukashe-
vich et al have combined TLM method and the mode matching method providing
an efficient tool for full-wave analysis of transmission lines and discontinuities in
RF-MMICs [18,19]. P. Lorenz and P. Russer have developed a TLM multipole
expansion method for modeling of complex radiating structures [20-23]. The hy-
brid method presented by N. Fichtner, S. Wane, D. Bajon and P. Russer [24],
combines the TLM and the TWF methods. Integral equations have been investi-
gated by T. Cwik, V. Jamnejad and C. Zuffada [25,26], and boundary integral
methods have been developed by K. Ise and M. Koshiba [27]. Modal techniques
have been treated by M. Mongiardo and R. Sorrentino [28] and G.C. Chinn et
al [29]. Multipole methods have been used by N. Lu and J.M. Jin [30]. Combina-
tions of boundary-contour and mode-matching methods have been investigated
by J.M. Reiter and F. Arndt [31]. A hybrid electric field integral equation (EFIE)
and magnetic field integral equation (MFIE) method for radiation and scatter-
ing problems referred to as the hybrid EFIE-MFIE (HEM) method has been
proposed by R.E. Hodges and Y. Rahmat-Samii [32]. This list of contributions,
though necessarily incomplete, indicates that this topic is of considerable interest.
The methods listed above have typically been applied to solve a specific class of
problems efficiently by matching the method to the perceived phenomenology, as
in [9-11]. Despite these apparent diversities there are certain features common
to all hybrid methods; namely, that the overall problem gets partitioned in a
problem-matched manner.

In this book, we propose what we would like to call an architecture, i.e. a struc-
ture that addresses complexity systematically and with reasonable generality. We
emphasize at the outset that an architecture does not solve a problem but it can
provide a systematic framework for proper problem formulation. By that way
such an architecture concept can contribute considerably to an efficient problem
solution. In a three-part sequence of papers, L.B. Felsen, M. Mongiardo and P.
Russer [33-35] already have outlined an architecture for a systematic an rigorous
treatment of electromagnetic field representations in complex structures.

Our suggested architecture accommodates use of different numerical methods as
well as alternative Green’s function representations in each of the subdomains
resulting from partitioning of the overall problem. The subdomains are charac-
terized by subdomain relations and by connection networks between subdomains
motivated by the problem topology. This is similar to what is customary in circuit
theory and permits a phrasing of the solution of EM field problems in complex
structures by network—oriented methods, which are also valuable from a numer-
ical viewpoint. The classical problem of waveguide step discontinuities has been
treated from the perspective of the generalized network formulation [36—40].
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Fig. 1.1. Partitioning of the problem space into different regions denoted by R,
which are separated by boundaries By, (dashed curves); in this notation the first
index refers to the region under consideration and the second index refers to the
boundary with an adjacent region. The shaded regions are either perfect electric
conductors (PEC) or perfect magnetic conductors (PMC).

IT The Architecture

We assume that the problem geometry, the sources of excitation and the field
observables (to be measured on desired reference surfaces) are specified. The
architecture is based on three foundations

e Problem Partitioning
e Network Representations
e Methodological Hybridization.

I1.1 Problem Partitioning

The principal task is the partitioning of the overall complex problem domain into
subdomains which are selected so as to facilitate numerical and/or analytical
treatment [35].

Consider a complex overall problem space R which is partitioned into Ny sub-
domains Ry, ¢ = 1... N, (Figure 1.1). Any two subdomains R, and R are
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connected across the interface By, with the subscripts ordered so that the first
index identifies the region of interest and the second index identifies an exterior
region. Whenever some portion is an open structure embedded in unbounded
space, this surrounding space may also be treated as a region, e.g. regions R,
Re and R; in Figure 1.1. Each region Ry is enclosed by the boundary

K,
By=Y Bu. (1.1)
k

When parts of a boundary B, are impenetrable (i.e., perfect electric or mag-
netic conductors) the access to neighboring subdomains is granted via apertures
(ports) By as in Figure 1.1, and the subdomains are closed regions. This special
case of the more general problem, of interest especially for multiport waveguide
and cavity systems, is the one of concern in our treatment here. In Figure 1.1, the
impenetrable portions are shown shaded and they are omitted from the sum in
(1.1); the number of apertures (ports) on the boundary of region R, is denoted by
K,. Two adjacent boundaries By, and By, belonging to R, and Ry, respectively,
enclose a volume of zero measure and thereby form an interface. We also intro-
duce the normal vectors ny, on the boundaries By, directed toward the exterior
of Ry. For a subdomain whose entire boundary is penetrable, the access “port” is
that entire boundary. This is depicted by the separate “obstacle” in the interior
of R; for simplicity the obstacle shall be regarded as perfectly conducting but
this restriction can readily be removed. On each boundary By, as seen from Ry,
we shall specify primary exciting fields and then determine via the corresponding
Green’s function representations the resulting secondary field response generated
on By, through interaction with the interior of R,. The choice of primary and sec-
ondary fields affects the type of boundary conditions pertaining to a particular
subdomain and, thereby, the corresponding alternative Green’s function repre-
sentation. To separate one subdomain from adjacent regions, we shall apply the
equivalence theorem: for example if, on one aperture, electric fields are selected as
the primary fields, then the magnetic fields are the secondary fields, yielding an
admittance description with the aperture replaced by a perfect electric conductor.
For each particular selection of primary and secondary fields, the corresponding
convergence properties, wave patterns and wave phenomenology determine the
problem strategy. Finally, a note concerning terminology; we have used the words
primary and secondary field variables which can be substituted with the words
independent and dependent field variables if preferred.

11.2 Network Representations

Next we distinguish between subdomain relations and connection relations. For
each subdomain and the corresponding boundary conditions, the secondary fields
express how that subdomain responds to the excitation provided by the primary
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field. Each subdomain with its subdomain relations is therefore distinct from the
other subdomains. We note that the subdomains can either be of finite volume
or infinite volume (i.e. extending up to infinity). We will see that for subdomains
of finite volume always exists a Green’s function representation in terms of res-
onant modes which leads, after discretization, to a rigorous network equivalent.
In particular, if the subdomain exhibits a preferred waveguiding direction the
network representation may also be expressed by using transmission lines. When
the subdomain is of infinite volume, i.e. extends up to infinity, it is advantageous
to enclose it in a spherical boundary and to use spherical transmission lines to
represent wave propagation toward infinity. With this device also infinite regions
find a rigorous network representation.

Connection networks implement the topological relationships for fields; i.e. the
continuity of the tangential field components at common interfaces between ad-
jacent subdomains. Models of partitioning for electromagnetic field computation
correspond to network models used in circuit theory as follows:

e relations at boundaries between adjacent subdomains <> topological relations
in a network;

e subdomain relations per se < laws governing the behavior of circuit elements
such as resistors, inductors, capacitors, etc.

The application of network—oriented methods to electromagnetic field problems
can contribute significantly to the problem formulation and solution methodology.
The field problem can be treated systematically by the segmentation technique
and by specifying canonical Foster representations for the subcircuits. Connec-
tions between different subdomains are obtained by selecting the appropriate
independent field quantities via Tellegen’s theorem. For each subdomain, as well
as for the entire circuit, an equivalent circuit extraction procedure is feasible, ei-
ther in closed form for subdomains amenable to analytical description or via the
relevant pole structure description when a numerical solution is available. Net-
work concepts in electromagnetics allow the application of complexity reduction
methods to the state equations describing the discretized electromagnetic field.
The application of system identification and parameter estimation methods for
reduction of computational time and automatic generation of lumped element
equivalent circuits is also feasible.

I1.3 Methodological Hybridization

For each subdomain we also have the option to select a specific numerical method
best suited for its characterization. For example, we may divide the structure in
such a way that it is convenient to use an integral equation approach in one sub-
domain, a finite element solution in another subdomain and a boundary element
method in a third subdomain. We may denote this type of hybrid computation
of the electromagnetic field as external hybridization.
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Next we introduce, for each subdomain a strategy that can lead to efficient meth-
ods for the solution of the electromagnetic field equations. Based on any possible
symmetries present in the subdomain, it is suggestive to advocate use of analyt-
ical solutions and, when necessary, couple these to numerical approaches such as
finite elements or finite differences. We may refer to this type of hybridization as
internal hybridization since it applies in the interior of each subdomain. Several
well-known methods already embed the above strategy: for example, the method
of lines solves the equations analytically in one direction, and use a finite differ-
ence grid in the other directions. We suggest the systematic exploitation of this
approach, exploring different possibilities, such as combining finite element and
modal techniques, or finite difference and finite element methods.

IIT Organization of the Book

The book is organized into five chapters. This first chapter contains the intro-
duction and the motivations for this work.

The second chapter collects general material useful for reference purposes and
introduce notations. After summarizing Maxwell’s equations, we review general
electromagnetic theorems and concepts and the use of field potentials to achieve
scalarization of the vector field problems. The technique of variable separation
is also reviewed for rectangular, spherical and circular cylindrical coordinate sys-
tems, followed by the a general discussion on the Sturm—Liouville problems.

In Chapter 3 we review the customary field expansions in waveguiding regions.
We recall modal representations of fields and their sources and field represen-
tation in this particular type of subdomains is obtained in terms of transverse
vector eigenfunctions (derived in turn from transverse scalar eigenfunctions) and
longitudinal scalar voltages and currents.

Chapter 4 deals with simple two—dimensional examples, in rectangular and cylin-
drical coordinate systems, which elucidate the phenomenology of waveguide prop-
agation and the application of the techniques introduced in the previous chapters.
Chapter 5 is the central part of this book, since it deals with the systematic
rigorous network representation of electromagnetic field problems. We introduce
the connection network for the regions of zero volume that constitutes the in-
terfaces between different subdomains. Properties for the connection network are
derived from the field version of Tellegen’s theorem. Then we introduce the net-
work representation available for subdomains of finite volume, either in terms of
resonant modes and in terms of transmission lines. Finally, we deal with subdo-
mains extending up to infinity, i.e. subdomains of infinite volume, for which the
spherical mode expansion is introduced and the relative network representation
is obtained. We conclude this chapter by showing a general procedure for solving
electromagnetic field problems via the Tableau equations.
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Since several symbols are used in this work, in the appendix, in order to alleviate
the mnemonics effort, we have summarized their meanings and the equation where
they have been first introduced.
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2

Representations of Electromagnetic Fields

I Introduction

The aim of this chapter is to introduce the relevant equations for the computa-
tion of electromagnetic fields and their network representations in a unified and
systematic format. As is well known, Mazwell’s equations provide the basic equa-
tions governing electromagnetic fields when complemented by constitutive rela-
tions pertaining to the media under consideration and by their relevant boundary
conditions. These equations are suitable for initiating the numerical/analytical
solution of the given problem.

When dealing with Maxwell’s equations we shall emphasize the Laplace (5-
domain) formulation which has several advantages. First, s-domain solutions
are numerically efficient because once the solution is computed, frequency sweeps
and transient analysis are also feasible with modest numerical effort. Second, 5-
domain solutions are well suited to conversion into equivalent networks; these
equivalent networks can be combined with external voltage and current sources,
and the entire system can be modeled by using circuit simulators. Third, the elec-
tromagnetic analysis may be performed by using either differential- or integral-
equation methods. In addition, there is the advantage of expressing the set of
equations in a format that is common in the theory of linear systems. The format
is such as to allow us to identify the state variables of the system, the sources,
the observable quantities and all corresponding transfer functions. This approach
also highlights issues concerning the uniqueness of the solution, the possibility
of expressing the state of the system with a minimal amount of data, and the
strategy for the applications of reduced—order models.

In this chapter we shall deal with abstract representations where the electro-
magnetic fields vary on a spatial and temporal continuum, i.e. with systems of
infinite dimensions. This formalism can be adapted in later chapters to discretiza-
tion and truncation processes in finite dimensions, making these systems suitable
for numerical computations.
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1T Maxwell’s Equations

Equations linking electromagnetic field quantities have been introduced by James
Clerk Maxwell in an elegant treatise first published in 1873 and then inserted
into [1] (see also [2] for more historical information). We shall assume that a
student reader is familiar with these equations, which are usually introduced in
preliminary courses, and that he/she has a general knowledge of the relevant
experimental facts and their theoretical interpretation. In what follows, we sum-
marize Maxwell’s equations in the time, frequency and Laplace (5) domains.

I1.1 Maxwell’s Equations in Time—Dependent Form

It is customary to write Maxwell’s equations in either local or in global form;
we shall first consider their local form. We also note that, unfortunately, it is
customary to designate the local form as differential form and this generates some
confusion with the general meaning that differential forms have. In the following
of this book, since differential forms are not used, the ambiguity is resolved.

Local Form of Maxwell’s Equations

In three—dimensional vector notation, with vector = indicating a position in space
and t the time variable, Maxwell’s equations are

B(r,t
V x E(r,t) = 9 (g: ) , Faraday’s law (2.1a)
D(r,t
V x H(r,t) = % + J(r,t), Ampere’s law (2.1b)
V -D(r,t) = pe(r,t), Gauss’ law (2.1¢)
V-B(r,t)=0 Magnetic flux continuity (2.1d)

where bold face symbols denote vector quantities. The quantities are defined as

E(r,t) electric field strength
D(r,t) electric displacement
B(r,t) magnetic flux density
H(r,t) magnetic field strength
J(r,t) electric current density
pe(r,t) electric charge density

Equations (2.1a)—(2.1d) are not independent since, for example, we may derive
(2.1d) by taking the divergence of (2.1a). Another fundamental relationship can
be derived by introducing (2.1c) into the divergence of (2.1b)
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Ope(r,t)

V-J(rt)=— T (2.2)
which provides the conservation law for electric charge and current densities.
Actually, the set of three equations (2.1a), (2.1b) and (2.2) may be considered
as the independent equations describing macroscopic electromagnetic fields, since
the two Gauss equations (2.1c¢) and (2.1d) can be derived from this set.

Note that in the static case % = 0 the electric and magnetic fields are not any
more interdependent and the equations (2.1a) — (2.1d) become

VxE(r)=0, (2.3a)
Vx H(r)=J(r), (2.3b)
V-D(r) = pe(r), (2.3¢)
V-B(r)=0 (2.3d)

Finally also note that, if we assign the electric current density J(r) and the elec-
tric charge density p.(r), we have, from (2.1a) and (2.1b), two vector equations
(i.e. six scalar equations) while we have four unknown vectors (i.e. twelve scalar
quantities). To complete the number of equations we have to account for the
media properties expressed by the constitutive relations.

Integral (global) Form of Maxwell’s Equations

The properties of an electromagnetic field may also be expressed globally by
an equivalent system of integral relations through use of the two fundamental
theorems of vector analysis: the divergence theorem and Stokes’ theorem [3].

Divergence or Gauss’ Theorem

Let U(r) be any vector function of position, continuous together with its first
derivative throughout a volume V bounded by a surface S. The divergence the-
orem states that

iU(r) ‘ndS = /Vv U(r)dv, (2.4)

where n is the outward unit vector normal to S. In fact, Gauss’s theorem may
also be used to define the divergence.

Stokes” Theorem

Let U(r) be any vector function of position, continuous together with its first
derivatives throughout an arbitrary surface S bounded by a contour C, and as-
sumed to be resolvable into a finite number of regular arcs. Stokes’ theorem (also
called curl theorem) states that
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j()iU(r)-dEz/S[VxU(r)}-ndS,

(2.5)

where df is an element of length along C', and n is a unit vector normal to the
positive side of the element area dS as defined by the right—-hand thumb rule.
This relationship may also be considered as an equation defining the curl or

circulation.

By applying the curl theorem to (2.1a) and (2.1b), and the divergence theorem

0 (2.1¢c) and (2.1d), we get

j{Ert /OB(rf) n ds,
g Ot

]{HTt dé—/% dS+/( t)-ndsS,

/V D(r,t)dV = j{Drt -ndS = /pert

/ V- B(r,t)dV :fB(r,t)-ndS =0.
v s
By defining the current I(t) as
I(t) = / J(r,t)-ndS,
s

the charge Q(t) as
t) = . dV,
Qt) / P

and the flux of the magnetic induction as

t) = /SB(r,t) -n dS,

we may write the previous equations as

7{ E(rt wé';(t),
dD(r,t)
]{Hrt df_/s - ds + I(t)

(2.6a)
(2.6b)
(2.6¢)

(2.6d)

(2.10a)
(2.10b)

(2.10c)
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I1.2 Maxwell’s Equations in the Frequency Domain

Electromagnetic fields operating at a particular frequency are known as time—
harmonic steady—state or monochromatic fields. By adopting the time dependence
e/“! to denote a time-harmonic field with angular frequency w, we write

E(r,t) =R{E(r)e*'} , (2.11)

where R denotes the mathematical operator which selects the real part of a
complex quantity. The complex quantity is E(r) is called a vector phasor. In
(2.11) we have used the same symbol to denote both the real quantity in the
time domain, E(r,t), and the complex quantity, E(r), in the frequency domain.
In what follows we shall generally refer to complex quantities unless otherwise
explicitly stated.

By applying (2.11) to the field quantities appearing in (2.1a), (2.1b), (2.1¢) and
(2.1d) we obtain Maxwell’s equations in the frequency domain. As an example,
let us consider (2.1a) for which we have

R{[Vx E(r)+ jwuB(r)| e} =0. (2.12)

Since this equation is valid for all times t, we may make use of the above lemma
and state that the quantity inside the square bracket must be equal to zero. By
applying the same reasoning also to the other equations (2.1b), (2.1c) and (2.1d)
we get

V x E(r)=—jwB(r), (2.13a)
V x H(r) = jwD(r) + J(r), (2.13b)
V- D(r) = pe(r), (2.13¢)
V-B(r)=0 (2.13d)

In the following, we make use of equivalence theorems which introduce mag-

netic current density, M (7), and magnetic charge distributions, p,,(r). These

quantities, although not physically present, help in the solution of several bound-

ary value problems. When considering also magnetic currents and charges, the
frequency—domain Maxwell’s equations become

Vx E(r) = —jwB(r) - M(r), (2.14a)

V x H(r) = jwD(r) + J(r), (2.14b)

V- D(r) = pe(r), (2.14¢)

V- B(r) = —pu(r). (2.14d)
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11.3 Maxwell’s Equations in the s—Domain

By introducing the complex variable § = ¢ + jw, the Laplace transform is defined
conventionally as

E(r,5) = /000 E(r,t)e *dt. (2.15)

In (2.15) we have used the same symbol to denote both the quantity in the
time domain, E(r,t), and that in the s-domain, E(r,3). In what follows we
shall generally refer to these quantities without explicitly exhibiting the § or ¢
dependence, the latter being clear from the context.
Applying (2.15) to the field quantities appearing in (2.1a), (2.1b), (2.1¢) and
(2.1d) yields Maxwell’s equations in the §-domain,

Vx E(r)=-5B(r)— M(r), (2.16a)
V x H(r) =5D(r)+ J(r), (2.16b)
V-D(r) = p(r), (2.16¢)
V:-B(r) = —pn(r). (2.16d)

I1.4 Constitutive Relations

As already pointed out Maxwell’s equations cannot be solved unless the relation-
ships between the field vectors D and B with E and H are specified. The type
of field generated by given sources depends on the medium characteristics, which
are accounted for by constitutive relations; they may be written as

D = Fy(E, H), (2.17a)
B=7,(E H). (2.17b)

Here, F; and F, are suitable functionals dependent on the medium considered;
they may be classified as:

nonlinear, when functionals depend on the electromagnetic field;
inhomogeneous, when functionals depend on space coordinates; they are called
spatially—dispersive when functionals also depend on spatial derivatives;

e nonstationary, if functionals depend on time or temporally—dispersive when
functionals depend on time derivatives.

We shall deal only with linear, stationary media; however, inhomogeneous media
are included because of their practical importance.

Another classification of media is provided by the vector form of the constitutive
relations. The simplest possibility arises when considering isotropic media, where
the constitutive relations are given by
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D=¢FE, (2.18a)
B=uH. (2.18D)

with € denoting permittivity and p permeability. In this case E is parallel to
D and B is parallel to H. In particular, in free space, the above equations are
rewritten by using the vacuum constitutive parameters, i.e. permittivity ey and
permeability pg, as

D =¢F, (2.19a)
B = H , (2.19b)
with
1
g0 =8.854-107 2 Fm ' = 36710_9 Fm™!, (2.20a)
po = 4m-107"Hm . (2.20b)

Anisotropic media are characterized by constitutive relations of the type

D=cE, (2.21a)
B=uH, (2.21D)

where p is the permeability tensor and ¢ is the permittivity tensor. The medium
is called electrically anisotropic if it is described by the permittivity tensor e,
and magnetically anisotropic when it is described by the permeability tensor é
A medium can be both electrically and magnetically anisotropic. An interesting
particular case is that of biaxial crystals, which may be described, by choosing a
suitable particular coordinate system, the so—called principal system, in terms of
a tensor of the type:
€ 00
=10¢g 0] . (2.22)
0 0e,

Cubic crystals, where €, = €, = ¢, are isotropic; tetragonal, hexagonal and rhom-
bohedral crystals have two parameters equal and the medium is called uniaxial.
The principal azxis that exhibits this anisotropy is also referred to as the optic
axis. When all the three parameters are different, as in orthorhombic crystals,
the medium is referred to as biazial.

When the medium has elements possessing permanent electric and magnetic
dipoles parallel or antiparallel to each other, an applied electric field simultane-
ously aligns electric and magnetic dipoles; analogously, an applied magnetic field
that aligns the magnetic dipoles simultaneously aligns the electric dipoles [4,
p-8]. In order to describe such media Tellegen, in 1948, introduced a new
element, the gyrator, in addition to the resistor, the capacitor, the inductor and,

[on
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the ideal transformer. These media, when placed in an electric field or a mag-
netic field, become both polarized and magnetized, and they are referred to as
bianisotropic, being characterized by constitutive relations of the type

D=:E+¢H, (2.23a)
B=¢E+uH. (2.23b)

Examples of hypothetic materials which directly relate electric and magnetic fields
are the perfect electromagnetic conductors (PEMCs) as discussed by Sihvola and
Lindell [5]. In a PEMC electric and magnetic fields on a material response level
both cause electric and magnetic polarizations, however the medium response
is not sensitive to the vector orientation of the electric and magnetic fields. P.
Russer has introduced the field theoretical analogon to the gyrator circuit of
network theory by boundary surfaces with gyrator properties [6].

II.5 Boundary Conditions

In order to obtain a unique solution of the Maxwell field equations, one must
impose appropriate boundary, radiation, and edge conditions. Radiation and edge
conditions formalize, respectively, the outgoing wave requirement on fields in an
infinite region excited by sources in a bounded domain and by conservation of
energy in the possibly singular fields induced in the vicinity of edges and corners
(tips) on obstacle scatterers. These conditions are discussed customarily using
field solutions of the wave equation in an appropriate coordinate system, and they
are treated later on in Section VII. We shall deal here only with the boundary
conditions arising at the interface between two different media.

Consider a regular surface S of a medium discontinuity, as shown in Figure 2.1,
where the subscripts 1 and 2 distinguish quantities in regions 1 and 2, respectively.
From (2.6a) and (2.6b), as a consequence of a limiting process, one obtains the
following conditions:

TLX(HQ—Hl):J, (224&)
n X (EQ — El) = —M7 (224b)
where J and M are, respectively, the electric and magnetic surface current den-

sity distributions at the interface. Similarly, from (2.6c) and (2.6d), for a small
volume at the interface, a limiting process yields,

n-(Bs— By = —pn. (2.250)
n- (D2 - D1> = Pe, (225b)

where p. and p,, are, respectively, the electric and magnetic surface charge density
distributions on the interface.
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If neither medium is perfectly conducting, the tangential component of the fields
E and H are continuous while their normal components undergo a jump due to
the discontinuity in the permittivity and permeability.

When medium 1 is a perfect electric conductor, the field inside the medium van-
ishes everywhere and induced electric charges and currents exist on the surface.
In this case we have:

nx Hy,=J, (2.26a)
nxEy=0, (2.26b)
n-By=0, (2.26¢)
n-Dy=p,, (2.264)

which states the vanishing, at the metal surface, of the tangential components of
FE and of the normal component of H.

In certain cases, it is convenient to include fields generated from equivalent mag-
netic currents. Accordingly, the field generated by a magnetic current distribution
in the immediate vicinity of a perfectly (electrically) conducting surface is given

by
nxEBy=—M. (2.27)

Fig. 2.1. Interface between two media.

IIT Theorems and Concepts for Electromagnetic Field
Computation

Certain theorems and concepts of electromagnetic theory are of fundamental
importance for efficient and systematic electromagnetic field computation. Their
short description follows.
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I11.1 Energy and Power

The field concept is based upon the hypothesis that the electromagnetic energy
is distributed over the space. We introduce the electric energy density

we(r 1) = %E(r,t) - E(r,1) (2.28)

and the magnetic energy density
W (1) = gH(r,t) CH(r,t). (2.29)

In order to investigate energy storage and power flow in the electromagnetic field,
we start again with Maxwell’s equations. By scalar multiplication of Ampére’s
law with —E and Faraday’s law with H, we obtain

VxH=22,7 | .(-E), 2.30)
B .
VxE= -22 | .H.
After inserting (2.18a) and (2.18Db) into equation (2.30), we obtain
H E
HVxE-E-VxH—-—ui- "2 _.g.% g ; (2.31)
ot ot
Using the relation
V- UxV)=V.VxU-U-VxV, (2.32)

we transform the left side of (2.31) and obtain the differential form of Poynting’s
theorem
Q [ €
—V-(ExH):a(§H-H+§E-E>+0E-E+E-JO. (2.33)
On the right side of (2.33), we have the time derivative of the electric and magnetic
energy densities corresponding to (2.28) and (2.29). The third term is the power
loss density
po(r,t)=0c(r)E - E. (2.34)

Due to the impressed current density Jg, a power
po(r,t) = —E(r,t) - Jo(r,t) (2.35)

is added to the electromagnetic field per unit of volume. Introducing the Poynting
vector

S(r,t) = E(r,t) x H(r,t) (2.36)

allows to write down Poynting’s theorem in the following form:
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ow,, Ow,
VoS =T T

— Pv +P0~ (237)

Integrating (2.37) over a volume V and transforming the integral over S into a
surface integral over the boundary 0V, we obtain the integral form of Poynting’s
theorem:

d d
fS“dA:/pode E/wmdvfa/wed‘/f/pvdv. (2.38)
1% 1% 1% v

ov

The first term on the right side of equation (2.38) describes the power added into
the volume V' via impressed currents. The second and the third term, respectively,
describe time variation of the magnetic and electric energy stored in the volume.
The last term describes the conductive losses occurring inside the volume V. The
right side of the equation comprises the total electromagnetic power generated
within the volume V' minus the power losses in the volume minus the increase of
electric and magnetic power stored in the volume. This net power must be equal
to the power, which is flowing out from the volume V' through the boundary oV'.
Therefore we may interpret the surface integral over the pointing vector on the
left side of (2.38) as the total power flowing from inside the volume V to the
outside. Since this is valid for an arbitrary choice of volume V', it follows that
the Poynting vector describes the energy flowing by unit of time through an unit
area oriented perpendicular to S.

For harmonic electromagnetic fields, the introduction of a complex Poynting vec-
tor is useful. For this we construct

VxH" =—jwe*E*+J; | -(—E),
) (2.39)
VxE = —jwupH | -H*.
Summing both equations, we obtain
H " VXE-E-VxH' =—jwu|H|)?*-c"|E*)~E-J. (2.40)
With the relation
V- UxV)=V.YxU-U-VxV, (2.41)

we can transform (2.40) into the differential form of the complex Poynting’s the-
orem

1 C(u et 1
(Ex H) = 2w~ |H|? -~ |E]*?)--E-J. 2.42
V3B x i) = e (S HE-S1BR) - 1B e
We now introduce the complex Poynting vector T':
1
T(r)==(E(r)x H (r)). (2.43)

2
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We have to note that T is not the phasor corresponding to S. Therefore we have
used a different character to distinguish between the complex Poynting vector
and the real Poynting vector. In order to give an interpretation of the complex
Poynting vector T', we compute first the time-dependent Poynting vector S for
a harmonic electromagnetic field

E(r,t) = R{E(r)e*) = % (E(r)e™ + B (r)e ) | (2.44a)
H(r,t) = R {H(r)d*') = % (I (r)e" + H" (r)e ) (2.44b)

we obtain
S(rt) - %%{E(T) < H*(r)} + %5)% (E(r) x H(r)o™"). (2.45)

The first term on the right side of (2.45) is equal to the real part of the complex
Poynting vector T after equation (2.43). This term is independent of time. The
second on the right-hand side of (2.45) oscillates with twice the frequency of
the alternating electromagnetic field. The time average of this part vanishes.
Therefore the real part of the complex Poynting vector T' is the time average of
the Poynting vector S.

S(r,1) = R{T(r)}. (2.46)

The real part of the complex Poynting vector T' denotes the power flowing through
an unit area oriented perpendicular to T. We write the time averages of the
electric and magnetic energy densities w, and w,, as

e £ 5

W, = EE(T’t) -E(r,t) = 1 | E(r) |7, (2.47)
e )
Wy, = §H(r,t) -H(r,t) = 1 | H(r) |*. (2.48)

We have to consider that the quantities ¢ and p’ in the complex representa-
tion correspond to the quantities € and p in the time-dependent formulation.
From equations (2.29), (2.43) and (2.34) we obtain the average electric power
dissipation density

= 1 2 1 " 2

Puc = 50 | B(r) = Jwe" | E(r) . (2.49)
The introduction of the complex permittivity u allows also to consider the mag-
netic losses. The average power dissipation density is given by
w
2

Py = D" | B(r) P +4" | Hr) . (2.50)
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The complex power, which is added to the field due to the impressed current
density Jy is given by

1 *
Pso = —§E : JO' (251)

The real part of py equals the time average Py, according to equation (2.37).

Po = R{ps}- (2.52)

The proof is similar to the one of (2.46). After inserting of (2.43), (2.47), (2.48),
(2.50) and (2.51) into (2.42), we can write down the complex Poynting’s theorem
in the following form

VT = —2jw(Wy, — W) — Dy, + Pso - (2.53)

By integration over a volume V, we obtain the integral form of the complex
Poynting’s theorem

%T dA = /psodV - 2,jw/(mm —w,)dV — /ﬁvdV. (2.54)
ov

\%4 14 |4

We consider first the real part of (2.54).

R j[T-dA =R /psodV —/T)vdv. (2.55)
A% 1%

14

The left side of (2.55) equals the active power radiated from inside the volume
V' through the boundary 0V. On the right side of this equation, the first term
denotes the power added via the impressed current density Jg; the second term
describes the conductive losses, the dielectric losses and the magnetic losses inside
the volume V.

The imaginary part of (2.54) is

3 fT-dA =9 /psOdV —2w/(mm—m)dv. (2.56)
oV Vv 14

The first term on the right side gives the reactive power inserted into the volume
V' via the impressed current density Jy. Let us first consider the case where the
second term on the right side is vanishing. In this case we see that the left side
of (2.56) denotes the power radiated from volume V. Since the volume V' can
be chosen arbitrarily, it follows that the imaginary part of the complex Poynting
vector T describes the reactive power radiated through an unit area normally
oriented to the vector T
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The second term on the right side of (2.56) contains the product of the double
angular frequency with the difference of the average stored magnetic and electric
energies. This term yields no contribution, if the magnetic energy stored in the
volume V equals the average electric energy stored in V. The magnetic energy as
well as electric energy oscillates with an angular frequency 2w. The energy is per-
manently converted between electric energy and magnetic energy. If the averages
w, and w,, are equal, electric and magnetic energies may be mutually converted
completely. In this case the energy oscillates between electric and magnetic field
inside the volume V. If the average electric and magnetic energies are not equal,
energy as well oscillates between volume V' and the space outside V. In this case
there is a power flow between 1 and the outer region. For w,, > w, the reactive
power flowing into volume V' is positive, whereas for w,, < W, the reactive power
flowing into V is negative.

I11.2 Field Theoretic Formulation of Tellegen’s Theorem

Tellegen’s theorem states fundamental relations between voltages and currents in
a network, and is of considerable versatility and generality in network theory [7-9].
A notable property of this theorem is that it is only based on Kirchhoff’s current
and voltage laws, i.e. on topological relationships, and that it is independent of the
constitutive laws of the network. The same reasoning that leads from Kirchhoff’s
laws to Tellegen’s theorem permits direct derivation of a field form of Tellegen’s
theorem from Maxwell’s equations [9-11].

In order to derive Tellegen’s theorem for partitioned electromagnetic structures,
let us consider two cases based on the same partitioning but filled with different
materials. The connection network is established via relating the tangential field
components on both sides of the boundaries; since the connection network has
zero volume, no field energy is stored therein. An important point for the fol-
lowing discussion is that the materials filling the subdomains may be completely
different. Starting directly from Maxwell’s equations we may derive for a closed
volume V' with boundary surface V' and normal unit vector n the following
relation

E'(p,t") x H'(p,t") -ndA = —/ E'(r,t')-J'(r,t")dV
v

oD (r, 1) OB (r, t")
_ / A W it _ U L Y St A
/V E(rt) =V /V H/(r, ) S dV. (2:57)

oV

The single and double primes relate to the case of a different choice of sources,
different material parameters and also a different time reference. For volumes V'
of zero measure, we obtain the following equation

E'(p,t')x H"(p,t") - ndA=0. (2.58)
ov
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The above equation may be considered as the field form of Tellegen’s theorem.
Since it applies to a volume of zero measure, it is independent of the domain
equations.

II1.3 Uniqueness Theorem

The uniqueness theorem indicates how a problem should be properly formulated
in order to provide one and only one solution. Uniqueness of the solution is a
consequence of the proper imposition of the boundary conditions, since overde-
termination, i.e. too many boundary conditions, may lead to no solution for a
given problem, while a lack of boundary conditions may lead to multiple solutions.
For time—harmonic electromagnetic fields, the uniqueness theorem states that
when the sources and the tangential components of the electric or magnetic field
are specified over the whole boundary surface of a given region, then the solution
within this region is unique. This is actually true only if the medium is slightly
lossy; otherwise it is possible to have a multiplicity of solution as, for example,
for a closed resonator.

The proof of the uniqueness theorem follows from considering two different solu-
tions E1, H;, and Ey, H, in the volume V bounded by the surface S excited by
the same system of sources. Let us define the difference fields 0 E and dH as

oF :El — E2 s (259&)
SH =H, — H,. (2.59D)

By linearity, and since the sources are the same, the difference fields satisfy the
source—free Maxwell equations

V X 6FE = — jwudH , (2.60a)
V X 0H =jwedE (2.60Db)

where it has been assumed that the permittivity € and the permeability p are of
the following form

€ =¢, — j&;, (2.61a)
W= — Jli (2.61b)

i.e. a small, positive, imaginary part is present. As noted in [4] the proof also
holds when the imaginary parts are both negative. By scalar multiplication of
(2.60a) by 0H™ and of the complex conjugate of (2.60b) by 6 E we obtain

V.- (6E x 6H*) = jwe*|0E|* — jwpldH|* . (2.62)

The complex conjugate of (2.62) also holds, giving
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V.- (0E* x 6H) = —jwe|dE]” + juu*|6H| . (2.63)

By adding (2.62) and (2.63), integrating over the volume V and applying the
divergence theorem, we recover

]{ (0E x 6H* + 6E* x 6H) - dS = —2w/ (0B + w|dH?) dV . (2.64)
S 14

When the tangential components of E or H coincide on the boundary surface S,
i.e. when either § E or 0 H are zero on S, we have

f (OE x 6H* + 0E* x 6H)-dS =0. (2.65)
S

In this case, the right-hand side of (2.64) is zero only if ) E and § H are identically
zero in the region V. This proves the theorem.

As a last remark, observe that for lossless structures, when we look for modal
spectra, we are seeking resonant solutions. In this case, the uniqueness theorem
does not apply and an infinity of solutions is present.

I11.4 Equivalence Theorem

There are several forms in which to state the equivalence theorem [4,12] and, in
view of its importance in the solution of electromagnetic field problems, it seems
appropriate to examine relevant issues in detail.

Let us consider a volume V' bounded by a surface S separating the internal region,
labeled as region 1, from the external region, labeled as region 2. Our objective in
applying the equivalence theorem is to maintain the field in region 2 even when
modifying the field in region 1. By so doing, we obtain a modified field problem
which, at least in region 2, and only in region 2, is equivalent to the original one.
We denote by E,, H; and E,, H, the original fields in regions 1 and 2, respec-
tively, as shown in Figure 2.2. Now suppose that the field in region 1 is altered,
thus changing the field in this region from E,, H, to E}, H}. In order to main-
tain the original field in region 2, we must insert equivalent magnetic and electric
currents, M, and J,, respectively, on the surface S such that

J,=nx (Hy,— H) , (2.66a)
M,=-nx(E,— E}), (2.66b)
as shown in Figure 2.3.
Love Equivalence Theorem

A particular case is to set the field in region 1 equal to zero. Thus we have the
case shown in Figure 2.4 where the surface currents are now given by
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Region 1
E, H,

Fig. 2.2. Original field.

n

Region 1

Fig. 2.3. The field in region 1 has been modified. By inserting the equivalent
electric and magnetic currents on the surface S the field in region 2 is unchanged.

J,=nx H,, (2.67a)
M,=-nxE,, (2.67b)

The Love equivalence theorem states that the field in region 2 produced by the
given sources in region 1 is the same as that produced by a system of wirtual
sources on the surface S.

Perfect Electric Conductor

The Love theorem only specifies a zero field in region 1. This may be obtained by
filling region 1 with a perfect electric conductor (PEC) as considered here, or by
filling region 1 with a perfect magnetic conductor (PMC) as considered below. It is
easy to see that electric currents J, on the PEC are short-circuited and therefore
do not radiate any field. In fact, near the perfect conductor, the electric field is
perpendicular to the surface S, while the magnetic field is parallel. The resulting
Poynting vector E x H is thus parallel to the surface of the conductor and no



30  Electromagnetic Fields, Ch. 2

n

Region 1
Region 2 E, H,

Fig. 2.4. The field in region 1 has been set to zero. Equivalent currents maintain
the original field in region 2.

PEC

’ " __
1 1_0

Region 1 /1(/13

Region 2 E, H,

Fig. 2.5. Region 1 has been filled with a PEC. Only magnetic currents contribute
since electric currents do not radiate.

power is radiated into space. A different proof of this fact may be obtained by
using the Lorentz theorem. Thus, when region 1 is filled with a PEC, the resulting
configuration is that shown in Figure 2.5. This form of equivalence theorem is
used in practical applications where structures are bounded by metallic walls.

Perfect Magnetic Conductor

The other possibility of obtaining a null field in region 1, is to fill this region
with a perfect magnetic conductor (PMC). In this case, since surface magnetic
currents do not radiate, we are left with the case of Figure 2.6. Note that as in
the previously, when calculating the field produced by sources in region 2, we
must take into account the presence of the PMC, since the Green’s function to
be considered must satisfy the appropriate boundary conditions on the surface
S. On the contrary, when applying the Love theorem without filling region 1
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B, H{ =
Region 1
E, H,

Fig. 2.6. Region 1 has been filled with a PMC Only electric currents contribute
since magnetic currents do not radiate.

with either a PMC or a PEC the Green’s function to be considered is that of
free—space.

The Circuit Theory Analog

The Circuit Theory analog of the equivalence theorem provides a simple and
effective way to illustrate its utility [13]. Let region 2 be without sources, repre-
sented by the passive network in Figure 2.7(a), while region 1 is represented by
the source—excited (active) network. We can set up an equivalent problem by

e switching off the sources in the active network, leaving the source impedance
connected;

e placing a shunt current generator I equal to the terminal current in the original
problem;

e placing a series voltage generator V' equal to the terminal voltages into the
original problem.

This replaces the original sources in region 1, the active network, by the virtual
sources at the interface as shown in Figure 2.7(b). From conventional circuit con-
cepts, it is evident that there is no excitation of the source impedance from these
equivalent sources whereas the excitation of the passive network is unchanged.
This fact offers the possibility of replacing the source impedance by either a
short or an open circuit. By considering a short circuit, we obtain the case of
Figure 2.7(c), equivalent to considering a PEC when applying the Love theorem.
When using an open circuit, we obtain the case of Figure 2.7(d), equivalent to
considering a PMC in the Love theorem.

Duality

Returning to the Maxwell equations in (2.14a)—(2.14d) it is noted that performing
the substitutions
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Passive Passive
Source Vi Network Vi % Network
(a) (c)

Source Passive Passive
Impdance 1 T Network I T Network

(b) (d)

Fig. 2.7. Circuit analogue of the equivalence theorem: (a) original problem; (b)
actual source deactivated, replaced by equivalent (virtual) sources; (c) source
impedance replaced by a short circuit; (d) source impedance replaced by an open
circuit.

E—-H E— I H—e
H— -F J—-M M — —J, (2.68)

equation (2.14a) becomes (2.14b), and vice versa. This is generally referred to as
the “duality principle”. However, the above substitutions imply a medium “dual”
(or “adjoint”) to free space, i.e. a medium with a permittivity of 47 x 10~7 F/m
and with permeability 8.854 x 10712 H/m, which is undesirable.

A form of duality which is more suitable for antenna and radiation problems is
established by the following equalities [4]

1
E —-nH, H— ——F,
Ui

1
J — 5M7 M — —ndJ, (2.69)

withn = \/% the free space impedance. With the substitutions in (2.69), equation

(2.14a) becomes (2.14b) and vice versa, without need to replace free space with a
different medium. Now, the form of duality in (2.69) does not apply to anisotropic
or bianisotropic media, while (2.68) is more general.

IV Field Potentials

Auxiliary potentials are conventionally introduced to simplify the solution of
the vector field equations [3,14,15]. When only electric sources are present in a
homogeneous region, the two curl equations
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VxE=—jwuuH , (2.70a)
VxH=jweE+J (2.70b)
provide six scalar equations. The divergence equations
V-D=p,, (2.71a)
V-B=0, (2.71b)

provide two additional scalar equations, which need to be complemented by the
constitutive relations

D=:E, (2.72a)
B=yuH, (2.72b)

and the relevant boundary conditions. The use of potential functions can system-
atize the solution of this large set of equations.

Magnetic Vector and Electric Scalar Potentials

The wvector and scalar potential functions A and @, respectively, represent the
electrodynamic extensions of the static magnetic vector potential and electrical
scalar potential, respectively. While potential theory is generally developed for
the time—dependent form of Maxwell’s equations [3,14,15], we shall deal directly
with the time-harmonic potentials (an exp(jwt) time—dependence is assumed and
suppressed). By taking the divergence of (2.70a) we see that

V-H =0, (2.73)

i.e. the divergence equation for H is automatically satisfied. This suggests ex-
pressing H as

H-vxa, (2.74)
1

where A is referred to as the magnetic vector potential. By inserting (2.74) into
(2.70a) we note that

V x (E+jwA)=0 (2.75)
and since
VxV®=0 (2.76)
the vector E can be expressed as
E=—jwA -V (2.77)

with @ denoting the electric scalar potential. By substitution of (2.74), (2.77) into
(2.70b) and recalling the vector identity

VxVxA=VV-A-V?A (2.78)

we obtain

VV-A—-V?A=kA— juousVeo + nJ . (2.79)
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Lorentz Potentials

Equation (2.79) can be phrased in a different manner by selecting the as yet
unspecified divergence (lamellar part) of A. One possible choice is to satisfy the
Lorentz or gauge condition,

V- -A=—jwusd (2.80)
which reduces (2.79) to the vector Helmholtz equation
VA +KA=—uld. (2.81)

Taking the divergence of (2.77) and using (2.80) it follows that the scalar potential
@ satisfies the scalar Helmholtz equation

V2D + k2 = e (2.82)
€
The electric and magnetic fields, when using the Lorentz condition (2.80), are
VV-A
E=—juA+— , (2.83a)
Jwpe
1
H=-VxA. (2.83b)

I
Electric Vector and Magnetic Scalar Potentials

When only magnetic sources are present, the vector E has zero divergence. By
duality, introducing an electric vector potential F' and a scalar potential ¥, we
obtain [13, p.129]

1
E=--VxF, (2.84a)
-F
H=—juF + vV (2.84b)
Jwep
with
V*F + k*F = —eM , (2.85a)
VA 4 kA = P (2.85b)
o

where M denotes magnetic currents and p,, magnetic charges. When electric and
magnetic currents are present simultaneously in a linear system, we make use of
superposition to obtain:

A1
B-—juA+ A 1y p (2.864)
Jwpe €
1 F
H-‘vxa—jors YT (2.86b)

o jwep
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Hertz Potentials

Hertz vector potentials for electric and magnetic time-harmonic fields are simply
related to the electric and magnetic vector potentials via
A = jwepll, (2.87a)
F = jwepll), . (2.87b)

The general field expression in terms of the Hertz vector potentials is:

E=FkII, +VV-II, — jwuV x I, (2.88a)
H = jweV x I, + K*IT), + VV - II},. (2.88b)

For Hertz potentials related to time-dependent fields see [15].

V Separation of Variables: The Scalar Wave Equation

Explicit solution of wave problems is facilitated substantially in special configu-
rations that render the relevant wave equations fully or partially separable. Much
about the physics of wave phenomena is learned from such special canonical prob-
lems. This section introduces concepts and notation for the scalar wave equation
1 &%
2
— 5—= = f(r,1), 2.89

o= 3 = 1) (289)
where ¢q is the ambient wave speed. If it is assumed that the time dependence
of the source distribution f(r,t) is sinusoidal with frequency w, the scalar field
o(r,t) can be written as

o(r,t) =R [U(u,v,w)e’], (2.90)

where (u,v,w) have been introduced as spatial coordinates. Outside the source
region, (2.89) then becomes the homogeneous Helmholtz equation

(V2+k3)U =0, (2.91)

for the complex function U, where the ambient wavenumber kq is

ko = 2, (2.92)
Co
with cg denoting the propagation speed. This equation is to be solved subject to
the prevailing boundary conditions.
In certain spatial coordinate systems (see [16] for a complete discussion), it is
possible to apply the separation of variables technique to (2.91), by which the
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field U(u,v,w) is written as the product of functions which individually depend
on only one spatial variable,

Ulu,v,w) = Uy, (u)U,(v)Uy(w) (2.93)

(see Table 2.1). Separability must hold for the operator V2 and for the prevailing
boundary conditions. Separability of the operator implies that the partial dif-
ferential Laplacian V2 can be arranged into three second-order one-dimensional
ordinary differential operators V2, where 7 stands for either u, v or w. On the

boundaries 7 = 7, and 7 = 7, of each 7-domain, the boundary conditions are
assumed to be of the linear homogeneous (impedance) type

oU, (1)
dr

Ur(T12) + Yri =0 on B,, (2.94)

T1,2

Here, U, is one of the functions in (2.93) depending only on 7, B, defines the
boundary surfaces 7 = const. in the 7-domain, and 7, , are constants. The
method is best illustrated by example.

Table 2.1. Summary of boundary conditions for coordinate-separable solutions
of the scalar wave equation.

Generic coordinates: = (u, v, w)
boundaries along: U = Uq, Us, v = Uy, Vg, w = wy, Wy,
range of variables: u <u<uy, v <v<uy w <w< wy
T
z
A
,/
,/
,/
5(I7 y) /’
/7
Yy
S(z,y)

Fig. 2.8. Cross section S(z,y) and boundary curve s(z,y) for z-domain separa-
tion in Cartesian coordinates.
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Table 2.2. Completely coordinate-separable configurations for rectangular
Cartesian coordinates (u,v,w) = (z,y,z). Note that, although only the cases
for different conditions in the z—domain are shown, it is possible to change in a
similar way also the x and y domains obtaining several other configurations.

Domain Configuration
21 =0,29 = a, Y d
y1=0,y2=b, z)_'x
21 = O, 29 = d, b
a
Ty = Ou T2 = a, Y
U1 = 07 Yo = b7 )_"7;
_ < b
z1 — —00, 2 =0,
a

1 =0, z2=a, Y a’
1 =0, y2=0, )ﬁx "
Z -

Z1 — —00, 25 — 00,

V.1 The Scalar Wave Equation in Cartesian Coordinates

The simplest demonstration of separability is for Cartesian coordinates, where
(u,v,w) = (x,y, 2z) (see Table 2.2). For a problem separable with respect to one
of the coordinates, to be designated by z, the Laplacian V? is decomposed as

V:=Vi +V2, (2.95)
where 9 o
V2, = 2t o (2.96)
and 9
V2= 57 (2.97)

Accordingly, a solution for the field U(u, v, w) is sought in the form
U(I7y>z) = Uz(z)Uzy(Iay)v 21 S z S 22, (298)

wherein the z-variable has been explicitly separated, and its domain has been
explicitly identified. Any boundaries in the (z,y) domain must be z-independent
cylindrical surfaces with transverse-to-z cross sections S = S(z,y) bounded by
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the curve s(z,y) (Figure 2.8). Separability of the z-domain boundary conditions
implies that the boundary conditions on the planes z = z; and z = 23 must
be independent of x and y, as in (2.94), with 7 = z. Similarly, the boundary
conditions on the surface s(z,y) must be independent of z.

Substitution of (2.95) and (2.98) into (2.91) gives

ViU, ViU
— 2 E = W g2 2.99
Uz ny + 0 ( )

The left-hand side of (2.99) is a function of z only, while the right-hand side is
a function of x and y only. Therefore both sides must be equal to a constant,
because (2.99) must hold for arbitrary values (z,y, z) and kq. If this constant is
designated by k2, then the partial field functions U, and U,, satisfy the reduced
equations

dQ
(@ + kAU, =0, (2.100)

subject to the z-domain boundary conditions, and
(V2,+ k2, Usy =0, (2.101)

subject to the (x,y)-domain boundary conditions. The constants k, and k,, sat-
isfy the relation
ky — k2 — k2, =0. (2.102)

With respect to wave propagation, kg is the total wavenumber, and the separation
constants k. and k., are therefore the wavenumber components associated with
the z and the (z,y) subdomains, respectively. (2.102) is the spatial dispersion
relation that constrains the wavenumber components.

When boundary conditions as in (2.94) are imposed at the endpoints z; and z»
of the domain z; < z < 2z, solutions of (2.100) can be found for special values
k., = k.o, with corresponding solutions U,,. The problem

d2
(dz? + kﬁa) Ua(2) =0, 2 <2<z (2.103)

is called an eigenvalue problem, the wavenumbers (separation constants) k., are
called eigenvalues, and the solutions U, (z) are called eigenfunctions. Depending
on the boundary conditions at z; and 29, the eigenvalues k., may form an infinite
set of discrete values or they may be continuously distributed. Eigenvalue prob-
lems are discussed in detail within the context of the Sturm-Liouville problem
(see Section VI).

If the boundary conditions are also (z,y)-separable (i.e., the three-dimensional
problem is completely separable), the field Uy, in (2.98) is written as Uy, (z,y) =
U, (x)Uy(y), so that the total scalar field U(z,y, z) = U,,U, becomes
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Uz, y, z) = Up(x)Uy(y)Us(2). (2.104)

The individual partial fields U,, Uy, U, then satisfy the equations

d2

(ﬁ + kU, =0, (2.105a)
d2

(dyz, + kU, =0, (2.105Db)
d?

(@ + KU, =0, , (2.105¢)

with separation constants (wavenumbers) k,, k, and k, that satisfy the dispersion
relation

Rk k2 k2 =0 (2.106)

Imposition of the boundary conditions of (2.94) in the separate x and y domains
leads to two eigenvalue problems analogous to that in (2.103), with corresponding
interpretations. The solutions for U,, are the trigonometric functions

ikyaz
)

U,o(2) =sink,oz, cosk.nz, € g thaaz (2.107)

any two of which are linearly independent, and are chosen in configurations that
satisfy (2.94) at z = 21 2. Solutions for U,(y) and U,(z) are similar.

x

Fig. 2.9. Completely coordinate-separable configurations for spherical coordi-
nates (u,v,w) = (r,0,¢). The domains r = ry,7 = ry correspond to spherical
boundaries, § = 01,0 = 6, to conical boundaries and ¢ = ¢1,¢9 = ¢ to plane
boundaries.



40  Electromagnetic Fields, Ch. 2

V.2 The Scalar Wave Equation in Spherical and Polar Coordinates

In separable curvilinear coordinates, the reduction process is similar but more
subtle, because not all of the coordinates are direct measures of length. For ex-
ample, in spherical polar coordinates (u, v, w) = (1,0, ¢) (Figure 2.9), the Laplace
operator is given by

, 10 (,0 1 872 1 g 0
v T r2or (?7“ * r2sin? § O¢? 600 Sme&? (2.108)

The azimuthal ¢-coordinate is separated readily because the associated partial
differential operator is 0% /0¢? just as in the Cartesian case. Removing the coeffi-
cient (r?sin® @)~! by cross multiplication, i.e., writing U(r, 8, ¢) = Us(¢)Uy(r,0),
(2.91) and (2.108) yields

182U¢_1 0 0 9,0 (50 99 . o
_@ 0% U [ 1n6% <sm989> + sin 95 (r E)r)} U, + kir=sin® 0.
(2.109)

The left-hand side of (2.109) is a function of ¢ only, while the right-hand side
is a function of r and 6 only. Therefore both sides must be equal to a constant,
and if this constant is denoted by k;, then the functions Uy and U, satisfy the
reduced equations

d2
<d¢2 + k¢) Uy =0, (2.110)

subject to the ¢-domain boundary conditions on ¢ = const. planes, or for 27-
periodic conditions, and

O (0N 0y ® (20N e el
(sm@ae <Sln989> + sin 667“ (r 8r> + kypsin®0 ) Uyp = 0, (2.111)

subject to the ¢-independent (r,0)-domain boundary conditions on surfaces of
revolution S(r,0) = 0. The dispersion relation for the angular wavenumbers k,
and k¢ is
K
K2y = kgr® — . 2.112
r — 0 SIH2 9 ( )

Note that k, here is the dimensionless angular wavenumber associated with
the dimensionless angular azimuthal coordinate ¢. The separation parameter
(wavenumber) kg in (2.112) has been chosen so that the r and 6 dependencies in
k.o appear in separable form. If the problem conditions are also (r,6) separable,
then writing U, (r, 0) = U, (r)Up(0) in (2.111) gives

1 1 9 ) k3 10 [,0 )
R (31119) Ut 55 = T ( o >U +r22. (2.113)




Sec. V, Separation of Variables 41

Both sides of (2.113) must again be constant, and if this constant is denoted by
kZ, the partial fields Uy and U, satisfy the reduced equations

1 d d k3
— (sinf— | — —2— + &2 = 2.114s
(sin@ df <qm d9) sin% 6 + 0> Us =0, ( rl)

Vd (,d\ K2\,
<r2dr (T dr> 2 T ) Ur =0 (2.114b)

Here, kg plays the role of the dimensionless wavenumber associated with the
dimensionless angular latitudinal coordinate 6.
Solutions Uy(¢) of (2.110) are the trigonometric functions (see (2.107))

Ug(¢) = sinpg, cospp, et e ™M =k, (2.115)

Solutions Up(#) of (2.114a) are the associated Legendre functions, with a linearly
independent pair given by

Uy(9) = P *(cosb), P;#(—cosb),

ie, ki=v(+1) (2.116)

and p defined in (2.115). Solutions U,(r) of (2.114a) are the spherical Bessel
functions

U.(r) = ju(kor), n,(kor), hf,l)(kor), h,(jg)(kor), (2.117)

with the order v defined in (2.116). Any two of these solutions are linearly in-
dependent. The spherical Bessel functions are related to the cylindrical Bessel
functions by

™
Zl,(k’o’r‘) = 71”Z,I+1/2(k07”) s (2118)

2%ko

where 2, stands for any of the spherical functions in (2.117) and Z,, /2 stands
for the corresponding cylindrical Bessel function of argument (kor) and order
(v +1/2) (see (2.124)).

V.3 The Scalar Wave Equation in Cylindrical Polar Coordinates

In cylindrical polar coordinates (u,v,w) = (p, ¢, z) (see Figure 2.10), the Lapla-
cian operator is given by

, 10 0 19 &

= ;gppgp+ﬁw+@ (2.119)
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x

Fig. 2.10. Completely coordinate-separable configurations for cylindrical coor-
dinates (u,v,w) = (p, ¢, z). The domains p = p;, p = p, correspond to cylindrical
boundaries, ¢ = ¢1,® = ¢ and z = 21, 2 = 25 to plane boundaries.

Table 2.3. Some separable configurations in cylindrical coordinates. The figures
show the p, ¢ plane.

p1=0 p2 — 00 p1 =0, radial section angular periodic
p2 — 0

VYvO &

Writing U(p, ¢, z) = U.(2)U,e(p, ¢) separates the z-dependence from the (p, ¢)-
dependence to yield, on substituting into (2.91) and proceeding as in (2.110) and
(2.111), using k? as the separation parameter,

(@ + k2> U.(z) =0, (2.120)

10 0 1 92
<58_pp o o
This decomposition applies to cylindrical boundaries of unchanged, but arbitrary,
cross section along z, with non—separable boundary conditions (see Table 2.3). If
the cross section is circular, the p- and ¢-dependencies separate as well to yield,
using kﬁ as the separation parameter,

) U, 0) =0, (2121)

d2
<d752 + k;) Uy(¢) =0, (2.122)
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1d d
where
B
k2= ki — k2 — o (2.124)

is the corresponding dispersion relation. Solutions U,(z) of (2.120) and Ug(¢)
of (2.122) are trigonometric functions as in (2.107) and (2.115), respectively.
Solutions U,(p) of (2.123) are cylindrical Bessel functions

Uplp) = Julkp), Nulwp), HD(wp), HD(wp),  n= /K k2,
(2.125)
any two of which are linearly independent. Here, v = k.
Table 2.3 summarizes the boundary configurations which allow a solution of the
scalar wave equation by separation of variables. Figures 2.8, 2.9 and 2.10 show
the corresponding domain configurations in Cartesian, spherical and cylindrical
coordinate systems, respectively.

VI Sturm-Liouville Problems

VI.1 Source—Free Solutions: Eigenvalue Problem
Formulation

The reduced one-dimensional differential equations given by (2.105a)-(2.105¢),
(2.110), (2.114a), (2.114b), (2.120), (2.121), (2.122) and (2.123) all are special
cases of the generic form

Lo(u) fa(u) =0, (2.126)
L,(u) = [d(i <p(u);i> —q(u) + )\aw(u)} , (2.127)

where p, ¢ and the weight function w are positive real functions of w, f,(u) is
the wave function, and A, is the separation parameter. Equation (2.127) is a
homogeneous (source—free) Sturm-Liowville (SL) problem, [17, p.719] and L(u)
is the Sturm—Liouville operator, defined, in general, for arbitrary A, as

L(u, ) = L;i (p(u)i) —qlw) + )\w(u)} . (2.128)

(2.127) is to be solved on the interval u; < u < ug, subject to the linear homo-
geneous boundary conditions at the end points u; and us (see (2.94)),

df o
falur2) + 72 i

= 2.12
du 0, (2.129)

u1,2
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where v, 2 are constants. As already noted in SectionV, a solution f,(u) is called
an eigenfunction, and the constant A, associated with f,(u) is the correspond-
ing eigenvalue. In general there will be a set of eigenfunction-eigenvalue pairs
{(fa, Aa)} which satisfy (2.127) and the boundary conditions in 2.129. Note that
here and in the mathematical sections that follow, the spectral parameter A in
(2.128) plays a general role which, in the context of the wave equation, is equiva-
lent to the squared wavenumber k2. For the eigenvalue problem in (2.126), A — A,
and L(u, ) — Ly (u).

Adjointness Properties

Before proceeding further, we demonstrate that the Sturm-Liouville (SL) oper-
ator L(u) in (2.128) is self-adjoint; i.e., subject to the boundary conditions in
(2.129), with f, replaced by F'(u), L(u) exhibits the adjointness property (sup-
pressing the A dependence)

u2 u2
(F,LF) = / FLF du — / FLF du = (F,LF). (2.130)

Equation (2.130) states that in the domain u; < u < wuy of the operator L(u)
with the boundary conditions as in (2.129), the inner product (F, LF) as defined
on the left-hand side of (2.130) is equal to (F, LF) on the right-hand side. The
function F(a) is said to be adjoint to F(a). Thus, the L-operation in the inner
product is commutative. To prove (2.130), we construct

_ d d _
FLF=F|—p— — Aw | F 2.131
<dupdu ¢t w) ' ( )
FLF =F d,d_ +w | F (2.132)
- T ’ '
whence
_ d dF _-d dF
FLF - FLF=F—p— — F—p—
dup du dup du
d L
= o [p(FF' = FF")] . (2.133)

Here and hereafter, F'(u) and F(u) are two different twice-differentiable functions
of u with a prime denoting the derivative with respect to u. Integrating both sides
of (2.133) between the limits u; and uy yields

/ ? (FLF — FLF) = [p(FF' = FF')].” . (2.134)

Ui

The bracketed term on the right-hand side of (2.134),
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FF

W(F,F)=p(FF' — FF') =p det PR (2.135)

is the A—dependent Wronskian which plays an important role in the theory that

follows (see (2.186) - (2.196)). Subject to the boundary conditions in (2.129), the

Wronskian vanishes, thereby establishing (2.130). Vanishing of the Wronskian at

the boundary is confirmed by noting that, in view of (2.129),

Fl=-—, Aﬂ:—i, (2.136)
gt gt

where | = F(u;), Fi = F(uy). The same holds for us.

Orthogonality, Completeness Relation, and Eigenfunction Expansions

In view of the adjointness property in (2.130), the eigenfunctions f,, satisfy an or-
thogonality property which can be derived as follows. Equation (2.127) is written
for an eigenfunction-eigenvalue pair (f,, o) and for a different eigenfunction-
eigenvalue pair (fs, Ag). Proceeding as in (2.131) to (2.133), the f,—equation is
multiplied by f3, where the asterisk denotes the complex conjugate, and the com-
plex conjugate of the fg-equation is multiplied by f,. The resulting equations
are subtracted to obtain

d
W (far £3) + Ca = A = 0. (2.137)

(2.137) is now integrated with respect to u between u; and us to give
u2
(Ao — /\Z)/ wfafzdu=0, (2.138)

since the endpoint contribution vanishes via (2.136). Therefore it follows that
u2
/ fafjwdu=0, a#p. (2.139)

If Ag = Aq, then from (2.138),

(= A7) / |l du =0, (2.140)

ui
Since w is positive and the trivial eigenfunction f, = 0 is not considered, the

integral is nonzero. Thus,

Ao = AL, Le., the eigenvalues are real. (2.141)

Returning to (2.139), these considerations imply that the integral vanishes for
Ao # Ag. Since the integral in (2.139) represents, in the function space, the
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inner product of the functions f, and f3, (see the comments following (2.130)),
vanishing of the integral implies that eigenfunctions corresponding to distinct
eigenvalues are orthogonal with respect to the weighting function w. It can also
be shown that the eigenvalues ), are non-negative when ~y; is negative real and
7o is positive real. In (2.131), let F' = f*, F = f, and A = ),, and equate the
expression to zero in view of (2.127). Integrating over the interval from u; to us
yields

wod [ :
du fo—p—== — du q|fal” + Aa duw|f,|"=0. (2.142)
w du” du w w

Integrating by parts, the first integral in (2.142) becomes

uzd d LA /| U2 uzd
u fome (pf2) = pfafdl|s — up

ul ul

2

f*/
a

(2.143)

For the boundary conditions in (2.129), with v, < 0, 72 > 0 and real, the endpoint
contributions at u; and u, can be written as (—p|fa|?|71|™") and (—p|fal*v3 1),
respectively. Thus, since p > 0, the left-hand side of (2.143), and therefore the
first term in (2.142), is negative. The second term in (2.142) is also negative since
q > 0, whereas the integral multiplying A, equals unity (see (2.144)). Thus, to
satisfy (2.142), A, must be non-negative under the stated conditions.

It is convenient to normalize the eigenfunctions (multiply by an appropriate con-
stant) so that

/ | fol?w du=1. (2.144)

uy

This renders the set {f,} orthonormal. Equations (2.139) and (2.144) can then
be written as the single expression

/ fafjw du =045, (2.145)

with the Kronecker delta d,s3 defined as d,3 = 0 for @ # 5 and d,5 = 1 for a = (.
To evaluate the normalizing integral on the left side of (2.144) (i.e., before the
normalization implied by the right side), we return to (2.137) but replace the
eigenfunction f5(u) = f5(u, Ag) by a function f*(u, \) satisfying L(u)f(u, ) = 0
(see (2.128)) for any specified A # A,. Integrating the resulting modification of
(2.137) between the limits u; and us yields

u2

=0, (2.146)

Ui

(e = \) / Cduwfof + W (fa f)

ui

which can be re-arranged as follows,

/u2 duwf,f* = w (2.147)

ul
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Now take the limit A — A,, whence f* — f*. The limiting form of the Wronskian
vanishes, and the resulting indeterminate right-hand side can be evaluated by

L’Hospital’s rule, i.e., taking [(dW/d\)/(d/dX)(A — Aa)]r=n,, tO Obtain

[ dwwwitatr -

{p <dd/\f (u,A)

2

%f( o) = falu, A )df\ld f*(u,A)Au)} (2.148)

Aa ul

with
flu,\) = f(\/Xu), folu, Ao) \/>u (2.149)

In (2.149), the functional dependencies of f and f, are shown explicitly. The
normalized eigenfunctions f, defined in (2.144) are now obtained by writing
fo=B7'V2f_ where f, is the unnormalized form, and B = {...}!/2, with {...}
representing the expression on the right-hand side of (2.148) with (2.149).
Assuming that the eigenfunction set {f,(u)} is complete, any “representable”
function F'(u) can be expanded formally as

u) =3 Aafalu). (2.150)

Here, “representable” implies that the expansion converges. Multiplying both
sides of (2.150) by w(u)fj(u), integrating over the (uy,uy) interval, invoking the
orthonormality condition given by (2.145) and switching back to the index «, it
follows that

:/ faFw du. (2.151)

Substitution of (2.151) into (2.150) gives, upon interchange of the orders of sum-
mation and integration,

F(u) :/ du' {w(u’ Zf“ uw)fr(u)}F(u'), (2.152)

ul

which implies that

Z falu = 5(u—u) (2.153)

or

Ou =) Zfa . (2.154)

Equation (2.154) expresses the completeness statement in compact symbolic form.
The expansion of the weighted delta function in terms of the eigenfunctions im-
plies that the set of eigenfunctions is complete, because any function F(u) can
be expressed by using the delta function property
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Flu) = / RS0 — ) dul (2.155)

ul

Thus, to apply (2.154), the previous steps are reversed as follows. Each side of
(2.154) is multiplied by w(u')F'(u") and integrated with respect to the variable v’
from u; to uq, giving

Fu) =3 fulw) / S w(ed )P £ () (2.156)
Equation (2.156) is of the form

F(u) =Y Aafalu), (2.157)
with the coefficients A, given by

A, = / ! () P () (2.158)

ul

The implied orthonormality of the eigenfunctions is verified by setting F'(u) in
(2.156) equal to the eigenfunction fz(u), giving

folw) = 32 fotw) [ i wlal) e o). (2.159)
To satisty (2.159) one is led to (2.145).

Large |A| Behavior of the Source-Free Solutions

The source-free solutions f(u) of the SL equation (see (2.127)) reduce to trigono-
metric functions for large values of A, and when w = p. To demonstrate this
behavior, we reduce the L(u) operator to its normal form (without the first
derivative d/du) by the transformation

fuw) =p 2 f(u), (2.160)

which changes L(u)f(u) = 0 to the normalized equation

d? P
|:CZUQ + h(u)} flu)=0, (2.161)
where \ g
_AW a1 87 e 9162
hu) = 25— Ly, (2162)

For large A, the (Aw/p) term dominates, and when w = p, (2.161) reduces to
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du?

d? 5
<+ )f(U) ~0, AI>1, w=p (2.163)
Thus, the large-|A| solutions for f(u) become

f(uw) ~pl2. (mﬁu, coS \/Xu, cﬁﬁu) , AI>1, w=p. (2.164)

For the eigenvalue problem, (2.164) applies with f(u) — fo(u), A = Aa, Ao > 1.
For the Green’s function problem in Section V1.2, (2.164) applies to the synthe-

— —

sizing homogeneous solutions f(u) and f(u).

V1.2 Source-Driven Solutions: Green’s Function Problem
Properties of the Green’s Function

The eigenvalue problem defined by (2.126) describes a one-dimensional phys-
ical system which is free or unforced. Problems in which forcing functions or
sources exist are solved through the introduction of a Green’s function. The one-
dimensional Green’s function g(u,u'; \) satisfies equation
d d
Lu)glu i) = | Jopt) g = o) + Mo(w)] e, ') = =000 =) (2165
u u
over the interval uy < (u,u) < ug, with boundary conditions at u = w2 of the
form (cf. VI.1)
dg

g(ur2) + 2 —

=0. 2.166
T (2.166)

ui,2

The right-hand side of (2.165) represents a u-domain point source at location
u ='. Here, L(u) is the general Sturm-Liouville (SL) operator in (2.128), which
is self-adjoint subject to the boundary conditions in (2.129). The parameter A is
now unrestricted and may range over the entire complex A-plane, provided that
A # Ao All eigenvalues A = A\, must be avoided because the source-free (2.165)
has the eigensolutions f,(u). Any eigensolution can be added to g and still satisfy
(2.165) and (2.166), thereby rendering the resulting g non unique.

Reciprocity

The Green’s function g(u,w’; ) is symmetric in its dependence on u and «'. This
can be shown by referring to (2.134), with F = g(u,u’;\) and F = g(u,u”; \),
where v and w” are source points in the interval u; < (u/,4”) < ug. Thus (omit-
ting the A-dependence),

[ dulgtw ) L)gle’) = gl Lwyg(u, )

1

= {p(u) [g(u,u)g (u,u") = g(u,u")g'(u,W)]},; . (2.167)
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Since L(u)g(u, @) = —0(u — u) and ¢'(u12,0) = —7139(u1,2, ) (see (2.165) and
(2.166)), the endpoint contribution vanishes (self-adjointness property) and the
integral is reduced via the delta functions, yielding the result

g u's X)) =g, u"; N) . (2.168)

Thus, the self-adjoint Sturm-Liouville (SL) Green’s function g(u,w’;\) is un-
changed, i.e. reciprocal when u and v’ are interchanged at any two locations in
the interval (uq, us).

Synthesis of the General Initial-Boundary Value Problem

The general SL initial-boundary value problem is of the form
L(u)F(u) = S(u), ur <u < ug, (2.169)
subject to the initial-boundary condition
Fluis) + vi2F (u12) = S(u2), (2.170)

where S(u) are interior sources while S(u; 2) are sources impressed at the bound-
aries of the domain. The solution for F'(u) can be synthesized in terms of the
Green'’s function g(u,u'; A) defined in (2.165) together with (2.166). Returning to
the adjointness relation in (2.133), let F' = g(u,u’; \) and let F'(u) represent the
solution of (2.169) and (2.170). Thus, omitting the A-dependence,

[t (P @z ) = gl ) L@ ()

ul

= p(ug)[F(uz)g (ug,u’) — g(ug, u') F'(us)]
= p(un)[F(u1)g' (ur, u') — glur, w') F'(ur)] . (2.171)

Inside the integral in (2.171), referring to (2.165) and (2.169), Lg and LF are
replaced by —d(u — u’) and S(u), respectively. On the right-hand side of (2.171),
referring to (2.166) and (2.170), we use
S - F
g (u1p) = _9luna) ; Fluip) = Slua) = Flurz) :
71,2 V1,2

(2.172)
This reduces (2.171) to the expression

F(u) =~ /u2 du g(u,u')S(u) + p(ug)g(uz, u')S(uz) /72

ul

— p(ur)g(ur,w')S(ur)/m (2.173)
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where « is any point in the closed interval u; < v’ < us.

Since w and «’ in g(u,u’; \) represent the field (observation) point and source
point, respectively, it is customary to integrate the Green’s function over the
primed coordinates. The necessary interchange of u and v’ can be implemented
in view of the reciprocity property in (2.168) in the form (restoring the -
dependence)

Fu,\) = — /u2 du’ g(u,u'; \)S(u') + p(uz)g(u, ug; A)S(uz) /72

uy

— plur)g(u, ug; N)S(uy) /71 - (2.174)

Solution for the Green’s Function

The Green’s function g(u,u’; A) can be evaluated directly. When u # o/, the
Green’s function satisfies the homogeneous equation obtained by setting the right-

hand side of (2.165) equal to zero. Let f be a solution of the homogeneous
equdtion which satisfies the boundary condition given by (2.166) at u = u;, and
let f be a solution of the homogeneous equation Whlch satlshes the boundary

condition given by (2.166) at u = uy. The functions f and f can be constructed
by superposition of any two linearly independent solutions f and f® of the
homogeneous (2.126) using the expressions

) = fO%)+ I (), (2.175)
F(w) =T fO) + (), (2.176)
where _ _
- f( (u2)+72 (d5$)> -
r=-+ 5 e (2.177)
2
o)+ (4, )
I EA COR el <d‘fz$))
r=—= SLLEE (2.178)
JO(ur) +m <d‘cfl(1))

To obtain the expression for I, note from (2.166) that

f 4 T f@ = =L u=uy. (2.179)

d f dfV = df®
du [ du T |
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The second equality follows from (2.129) applied to f, whereas the third equality
implements d f /du via (2.175). Solving the first and third equalities for r yields

(2.177). A similar calculation gives the expression for I in (2.178).

Next, it is noted that ¢ is continuous at v = v’ but has a discontinuous slope
(first derivative) at u = v/, consistent with the recognition that the delta function
singularity at « = v/ in (2.165) is generated by the highest derivative, (d2g/du?).
Implementing continuity at «’, with discontinuous slope, suggests the expression

CFf@), u<d

glu,u’; \) = D
Cf@)f(u), u>u

, (2.180)

which also satisfies both prescribed boundary conditions, as well as (2.165) for
all u # «'. With the notation

fu, > (2.181)
U= wiu<u ’
fu, u<d (2.182)
U= uu > '
(2.180) can be written as
glu,u'sX) = C f (us) f (u<). (2.183)

To determine the constant C' we integrate (2.165) over the interval u' — e < u <
u' 4 ¢, € > 0, and then allow ¢ — 0. Since g is bounded at v’ and ¢, w and p have
no singularities at u = u/, the contribution from the second and third terms in
L(u) vanishes in the limit. The result is

dg u'+e

=-1 2.184
p du e ’ ( )

€

which after using (2.183) gives

—_

C=———, (2.185)
W(f,f)

with the Wronskian W(? ?) defined as in (2.135),

W(f, f)=pl) | f %— f % : (2.186)
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Using (2.183) and (2.185), the Green’s function g(u, u’, \) can now be written as
g(u,u’; \) ::Afeeﬁeejzféggfl. (2.187)
W(f, 1)

The Wronskian W(f, ?) has the following properties (recall that the M-
dependence has been suppressed throughout):

e Wisa A\ dependent constant, independent of «'.

o W #£0if f and f are linearly independent functions over the interval u; <
u < Usg.

To show that W is independent of «/, the equation

d d -
= A =0 2.188
[du Pau 1 * w] / ( )
is multiplied by ?7 and the equation
d d <

is multiplied by f. The resulting equations are subtracted to give

edd? —d df

which is equivalent to
d —df =df\| _
or p
p— (W(f, f)) —0. (2.192)

Equation (2.192) states that W is independent of u, i.e., W equals a A-dependent
constant.

To show that W is nonzero if f and f are linearly independent, it will be shown
conversely that W = 0 implies linear dependence, i.e., that f is then a constant
multiple of f. If W =0, (2.186) gives

—df =df
L _f ] (2.193)

or
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2al_ 24 (2.194)
f U f U
Integration of (2.194) gives
AN
In = = ¢ = const. (2.195)
/
or _ .
f=f (2.196)

which confirms that W =0 anhes linear dependence of f and f (2.196) im-
plies furthermore that f or f satisfy both boundary Condltlons at u; and usg, in

addition to satisfying the source-free (2.165); i.e. f or f are eigensolutions f,(u)
with forbidden eigenvalues A = A,. This is in accord with the result in (2.136).
Evidently, the solution for ¢ in (2.187) becomes invalid when W = 0.

Large |A| Behavior of the Spectral Green’s Function

In the investigation that follows, emphasis will be placed on the behavior of the
Sturm-Liouville Green’s function throughout the complex spectral |A|-plane. For
large values of A\, and when w = p, the synthesizing homogeneous solutions f

and f in (2.187) reduce to trigonometric functions, as shown in Section VI.1,
(2.164). The formal solution for g(w,u’; A) in (2.187) reduces accordingly in the
large-A range. Consider the case where g = 0 at u; = 0 (no loss of generality)

and at uy. The synthesizing solutions of (2.163) are f (u<) = sin (\f/\u<), f
(us) = sin |:\/X(U2 — u>)} , whereas the u—independent Wronskian is given by w =
VAsin(vAug). For | A > 1, | S\ |# 0, retaining only the dominant (growing)
exponentials, one obtains

oIS VA oS VA2 —us) IS VA (uc—us)

N

el VAT N5y

e~ IS VAl fu—’|

v

which decays exponentially at infinity in the complex A—plane, and therefore
yields no contribution when integrated over a circular contour at | A |— oo.

g(u,u’; \) —

1S VAl #0. (2.197)

V1.3 Relation Between the Spectral (Characteristic) Green’s
Function and the Eigenvalue Problems

In this section, it is shown how the complete orthonormal set of eigenfunctions in
Section VI.1 can be constructed from knowledge of the spectral Green’s function
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in Section VI.2. In fact, it will become apparent that the Green’s function route
furnishes a far more general approach to the representation of wavefields.

To establish the Green’s function—eigenfunction connection in qualitative physical
terms, it is recalled that the Green’s function represents the field due to a localized
source, with the parameter A in (2.165) proportional to the square of the spatial
wavenumber (i.e, the squared frequency of the spatial oscillations). If the spatial
frequency of the source is varied between 0 and oo in a lossless environment, the
Green’s function will exhibit amplitude singularities at each spatial frequency
which corresponds to an eigenvalue \,; since A, identifies a source-free solution,
the driven response at A, is unbounded. Therefore, the totality of singularities in
the Green’s function generates the complete eigenfunction set.

We begin by assuming that the set of eigenfunctions { f, } is complete. The Green’s
function g(u,u'; \) may therefore be expanded in a series of eigenfunctions with
coefficients g, as

g(u,u’; \) Zga w5 A) folu (2.198)

Applying the operator L(u) in (2.128) to both sides of (2.198), and using (2.154)
and (2.165), one obtains

= S w0l 20) = S a5 | o) 5 = atw) + )| o).

(2.199)
Via (2.127), this can be written as

=SS0 () = T VO M) (2.200)

Equating the coeflicients of the orthogonal functions f, (u) on both sides of (2.200)

yields
ool
ga(u'; A) = ) _( A)). (2.201)
Substitution of these coefficients into (2.199) gives
Ja(u) fo(u/
glu,u'iN) == ((A 1 A() ), (2.202)

which is an expression for the Green’s function g(u,u'; A) in terms of the eigen-
functions of the homogeneous problem defined by (2.127).

The result in (2.202) can be used to derive a generalized completeness relation.
Both sides of (2.202) are integrated in the complex-A plane over a contour C' which
encloses in the counterclockwise sense all the pole singularities at the eigenvalues
Aa. The contour C'is deformed into the contour C” consisting of small semicircles
C,, centered at the poles A, and of line segments C” which approach the real axis,
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as shown in Figure 2.11. The contributions to the integral due to the oppositely
directed C"-segments along the real axis cancel, and each pair of semicircular arcs
C,, contributes a residue at the corresponding pole as the radius of the semicircles
approaches zero. Therefore, by the residue theorem, the line integral of g is

1

1
— ¢ glu,u; ) dA==— ¢ g(u,u’; \) dX
271—] c c

2my

:_Zfa (271T]f AiAA)
- ; fa(u) fa(u)

!
_du—v) (2.203)
w(u')
Equation (2.203) establishes the Green’s function-eigenfunction connection in the
completeness relation, which now takes the form
!
Su—w) _ LY{ g(u,u'; \) dA. (2.204)
w(u) 2nj Jeo

The contour C' in Figure 2.11 can be terminated anywhere at |A| — oo because, as
shown in SectionVI.2, g converges exponentially at |A\| — oo, so that contour seg-
ments at infinity do not contribute to the integral. The contour C' must, however,
have all of the singularities of g on one side. Because of this resolving connection
with the eigenvalue problem, the spectral Green’s function is also referred to as
the characteristic (resolvent) Green’s function. Although demonstrated here only
for discrete eigenspectra (poles A, in the complex A-plane), the characteristic
Green's function procedure in (2.204) remains valid for continuous eigenspectra
(typically in unbounded regions) which give rise to branch points in the then
multi-sheeted complex A\—plane.
The importance of (2.204) resides in the fact that g(u,u'; \) can be evaluated
directly as in (2.187) of Section VI.2. Thus, (2.204) furnishes a generalized com-
pleteness relation for representing an arbitrary function F(u). Such a represen-
tation is obtained, as before, by multiplying both sides of (2.204) by w(u')F(u)
and integrating over v’ between the limits u; and us, giving

Plu) = 271U 7{ dX g, u's \) { / dd w(u')F(u')}. (2.205)
VII Radiation and Edge Condition
VII.1 Radiation Condition

For an unbounded region it is necessary to specify the field behavior on a surface
at infinity. By assuming that all sources are contained in a finite region, only
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R

Fig. 2.11. Integration contours in the complex A-plane.

outgoing waves can be present at large distances from the sources. In other words,
the field behavior at large distances from the sources must meet the physical
requirement that energy travel away from the source region. This requirement is
the Sommerfeld “radiation condition” and constitutes a boundary condition on
the surface at infinity. It assumes different expressions when dealing with 2D— or
3D-regions.

3D region.

Let A denote any field component transverse to the radial distance r. The trans-
verse field of a spherically diverging wave in a homogeneous isotropic medium
decays as 1/r at large distances r from the source region; locally the spherical
wave behaves like a plane wave traveling in the outward r direction. As such
(for an implied e/** time dependence) each field component transverse to r must
behave like exp(—jkr)/r, where k = w/c is the free-space wavenumber and c is
the speed of light in vacuum. This requirement may be phrased mathematically
as

7—00 (9’["

Observe that the above boundary condition is not self-adjoint in the Hermitian
sense. The adjoint boundary condition would be

lim r (aA +jk:A> =0. (2.206)

lim r (%;1 — jkA) =0. (2.207)

rT—00

corresponding to waves impinging from infinity.
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2D region.

Let p denote the radial variable in the transverse plane, perpendicular to the
direction of uniformity. The transverse to p field component A in a cylindrically
diverging wave in a homogeneous isotropic medium decays as 1/,/p at large
distances p from the source region; locally A behaves like a plane wave travelling
in the outward p direction. As such, each field component transverse to p must
behave like exp(—jkp)//p This requirement may be phrased mathematically as

0A
li 24 jkA) =o0. 2.2
pggo\/ﬁ<apﬂ ) 0 (2.208)

The above equations apply to non—dissipative media. When the media are slightly
lossy one may use the simpler requirement that all fields excited by sources in a
finite region should vanish at infinity (i.e. k& has a small negative imaginary part).

VII.2 Edge Condition in Two Dimensions

It is well recognized that, in many cases, boundary and radiation conditions
alone are not sufficient to determine the solution uniquely [15, p.385], since it is
possible to construct several different fields which satisfy these conditions [18].
As an example, let us consider a metallic wedge as shown in Figure 2.12, which
we assume with no changes in the z-direction and separability in cylindrical
coordinates. Assume a field F which satisfies boundary and radiation conditions.

z
L
X

Fig. 2.12. Three-dimensional view of a perfectly conducting wedge extending
from ¢ = 0 to ¢ = ¢» with no variations in the z—direction.

Now consider a field
E, = Ey+ CJ,(kp)sin [v(¢ — ¢9)] (2.209)

which satisfies the Helmholtz equation (the scalar wave equation) for any value
of C', complies with the radiation condition and has the same boundary behavior



Sec. VIII, Reciprocity and Equivalence 59

as Fy since F, = 0 when ¢ = 0, ¢2. However, an infinite set of solutions can
be generated by giving different values to C' [14, pp.531-532]. Therefore, it is
necessary to apply an additional constraint in order to achieve a unique solution
i.e. an edge condition [18-20]. We start by noting that the electromagnetic energy
density must be integrable over any finite domain even if this domain contains
singularities of the electromagnetic field. Differently stated, the electromagnetic
energy in any finite domain must be finite. The sum of the electric and magnetic
energies in a small volume V surrounding the edge is [12, p. 24]

1 . .
5/ (eE-E +puH-H )pdodpdz (2.210)
14

In the vicinity of the edge the fields can be expressed as a power series in p; this
series will have a dominant term p* where y may be negative. Therefore, as p
approaches zero the dominant term of the field components of (E, H) appearing in
(2.210) behaves like p?, and the entire integrand behaves like p?**1. Integration
over p yields p>#+1 which is bounded for y1 > —1. The actual degree of singularity
that a field experiences near the edge is dependent on the wedge configuration.
It is also noted that the field singularity does not depend on frequency since
in the proximity of the edge, spatial derivatives of the fields are much larger
than time derivatives, so that the latter can be neglected in Maxwell’s equations
(quasi-static regime).

The exact knowledge of the type of field singularity near the edge is of considerable
importance for numerical applications. The reader may find more information on
cases of practical importance in reference [21].

VIII Reciprocity and Field Equivalence Principles

VIIIL.1 Reaction in Electromagnetic Theory

The reaction concept in electromagnetic theory has been introduced in [22] in
order to find a fundamental observable representing measurements which can
be performed practically. For example, if we want to measure the field radiated
by some source of electromagnetic energy, we may use an antenna probe and
observe the signal received at terminals at the point of observation. However, the
latter measurement does not provide the field just at the observation point, but
it measures the effect of the field over a small, but finite, region. To take this fact
into account, it is convenient to define the reaction, i.e. the coupling between the
field that we want to measure and the antenna that we are using.

Consider a monochromatic source of electromagnetic field, denoted by a, consist-
ing of electric and magnetic currents J, and M ,, respectively, and producing the
field E,, H,. Similarly, consider also a source b of electric and magnetic currents
Jy, and M, generating the field E,, H,. The interaction of source a with field b
may be characterized by the complex number (a,b), defined as [4]
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<a,b):/(Ja-Eb—Ma-Hb)dV, (2.211)
1%

where the first entry, a, is associated with the source (or probe), and the second
entry, b, is associated with the observed field. The integration is extended over
the volume V, i.e. the region containing the source a, which may contain both
volume current densities and surface current densities. Note that, for an ideal
electric field probe, J, is a delta function which measures the field just at the
observation point. As noted in the previous paragraph, also for electromagnetic
field quantities, the reaction is different from complexr power since there is no
complex—conjugate. Moreover, let X represent any scalar and Xa be the source
a increased in strength by the factor X', then

(Xa,by = X{a,b). (2.212)

By considering another source ¢, radiating at the same frequency as a and b, we
have
{a, (b+¢)) = (a,b) + (a,c). (2.213)

VIII.2 Lorentz Reciprocity Theorem

Having discussed the reaction concept we proceed to the Lorentz reciprocity
theorem. A simple interpretation of this theorem is that, in isotropic media,
the response of a system to a source is unchanged when source and detector
are interchanged [13]. In order to establish this theorem let us consider the two
monochromatic sources a, b and the field produced thereby. In each case Maxwell’s
equations are:

V x B, = —jwuH, — M, (2.214a)

VxH,=jweE,+J, (2.214b)
and

V x Eb = —jw,qu — Mb: (2215&)

V x Hb = jwsEb + Jb. (2215b)

Performing dot product multiplication of (2.214b) by E} and of (2.215a) by H,,
and subtracting one from the other we obtain

V- (Eb X Ha) = —waEa . Eb — Ja . Eb —jwuHa . Hb — Mb . Hb> (2216)
where use is made of the identity

V- UxV)=V.VxU-U-VxV. (2.217)
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Similarly, performing dot product multiplication of (2.215b) by E,, and of
(2.214a) by H,, and subtracting one from the other, we obtain:

V- (Ea X Hb) = —jwsEa-Eb—Jb~Ea—jw,uHa-Hb—Ma~Hb. (2218)

Finally, by subtracting (2.216) from (2.218), integrating throughout a source—free
region, and applying the divergence theorem we arrive at

7{ (E,x H,— E, x H,)dS = {a,b) — (b,a) . (2.219)
s
By definition, isotropic media are reciprocal when
f(Eabe—beHa)dSzo. (2.220)
5

In this case, the Lorentz reciprocity theorem can be stated as
(a,b) — (b,a) = 0. (2.221)

The surface integral on the left side of (2.219) vanishes also when the surface S
encloses all the sources. In fact, in this case we can consider the complementary
source—free volume bounded by S and the surface Sy, of a sphere with infinite
radius. When the fields satisfy the radiation condition the integrand of the left
side of (2.219) vanishes on S, and (2.220) applies as well.

The Lorentz theorem has a variety of useful applications. It allows one to derive
stationary formulas in variational problems in a direct manner. It is also suitable
for proving simple assertions, such as the fact that an electric current sheet im-
pressed on the surface of a perfect conductor does not radiate [4]. This is a trivial
result when the surface of the conductor is planar, since image theory shows that
no field is produced. In fact, by replacing the metallic plane by an image source,
i.e. by an impressed current directed in the opposite direction, the two impressed
currents annihilate, producing zero field. When the surface is not planar, appli-
cation of reciprocity demonstrates the above assertion in the following way. With
reference to Figure 2.13 let us consider source a on the perfect electric conductor.
In order to measure the field E,, H, produced by this source, let us place a
probe (source b) at the observation point and evaluate the reaction of source b
on the field a, i.e. (b,a). By the reciprocity theorem, the effect of source b on the
field a is equal to the effect of source a on the field b, i.e.

(b,a) = (a, b). (2.222)

However, the tangential component of the electric field produced by b is zero on
the metallic surface where J, is present, thus

{a,b) = 0. (2.223)

In view of the arbitrariness of source b it is proved that the impressed electric
current sheets J, on the surface of the perfect electric conductor do not produce
any field.
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Fig. 2.13. The impressed electric current sheets J, on the surface of a perfect
electric conductor do not produce any field, as measured through probe b.

Huygens’ Principle

The propagation of electromagnetic fields can be visualized according to Christian
Huygens as wavefronts comprising a number of secondary sources or radiators,
each generating new spherical wavelets. According to Huygens’ principle the en-
velope of these wavelets forms a wavefront which in turn consists of new sources
giving rise to a new generation of spherical wavelets. This in turn means that
the field solution in a region is completely determined by the tangential fields
specified over the surface enclosing the region. This principle can be rigorously
stated in mathematical terms, as shown next. To this end we need to recall scalar
and vector Green’s theorems [3] which, as noted in [13, p.120], are mathematical
statements of reciprocity (symmetrical in two functions). The difference between
the Lorentz reciprocity theorem and Green’s theorem is that no physical inter-
pretation is ascribed to the latter.

Scalar Green’s Theorem

Consider a closed regular surface S bounding a volume V' where the two scalar
functions ¢ and ), continuous together with their first and second derivatives
throughout V" and on the surface S, are defined. Applying the divergence theorem
to the vector ¢¥V¢ yields

/ V- (¥Vg)dV = / (¥V¢) -ndsS. (2.224)
% 5
The divergence on the left-hand side may be expanded as

V. (0V) = Vi - Vo + 0V - Vé = Vi - Vo + IV, (2.225)

while on the right-hand side, we may replace the normal component of the gra-
dient by the normal derivative, i.e.
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~on

Upon substituting (2.225) and (2.226) into (2.224) we obtain Green’s first identity

Vo-n (2.226)

s oviavs [ aviav— [ i
/VVd) V(;SdV—i—/vi/)V QSdV—/Swan as. (2.227)

This identity holds also when interchanging the roles of the functions ¢, %; by so
doing we obtain

/ Vi - VédV + / OV AV = / ¢>% ds.. (2.228)

Subtracting (2.228) from (2.227) we get another important identity, Green’s sec-
ond identity, namely,

/ (OV26 — 6V°0) v = / 3% 45 - / oas, (2220
|4 S on S on
which is frequently referred to as Green’s theorem.

Vector Green’s Theorem

Let us return to the surface S and volume V' as defined in the previous paragraph,
but consider two vector functions U and V' which, together with their first and
second derivatives, are continuous throughout V' and on the surface S. Then,
replacing the gradient by the curl, i.e. V by Vx, and V2 by V x V x, we have the
building blocks for the vector analogue of the scalar Green’s theorem. Applying
the divergence theorem to the vector U x V x V,

/V-(UxVxV)dV:/(UxVxV)-ndS (2.230)
v s

and expanding the divergence on the left hand side we get
V- (UxVxV)=
Vp - (UxVxV)+Vo - (UxVxV)=
VxU-VxV-U-VxVxV (2.231)

which, by substitution into (2.230), provides the vector analogue of Green’s first
identity,

/(VXU-VXV)—(U-VXVXV) de/(UxVxV)-ndS. (2.232)
14 S
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Another form of the vector first identity may be obtained by interchanging U
and V,

/(VxV~V><U)—(V~V><VxU)dV:/(VxVxU)~ndS. (2.233)
\%4 S

By subtracting (2.233) from (2.232) we get the vector analogue of Green’s second
identity,

/(V-VxVxU—U-VxVxV)dV:

v
/(UxVxV—VxVxU)-ndS. (2.234)
5

The dyadic form of Huygens’ principle is obtained on replacing the vector V in
(2.234) by the scalar product of Green’s dyad ¢ with a vector U, ie. V =% -U.

Mathematical Formulation of Huygens’ Principle

The equivalence principle is rigorously proved by introducing the mathematical
formulation of Huygens’ principle [3,12,23].

Consider a volume V', containing all sources, bounded by a smooth surface S.
The electric field in V' is a solution of the source—free vector wave equation

VxVxE-KE=0. (2.235)
Consider also the dyadic Green’s function ¢, which, in turn, is a solution of
VXVXY kY =95r—r1). (2.236)

Both E and G, satisfy the electric field boundary conditions on S as well as the
radiation condition at infinity. Here .# is the identity dyadic and (v —7’) is the
Dirac delta function. Forming the scalar products

E-VxVx¥Y -VxVxE-9, (2.237)

and then applying Green’s vector second identity in (2.234), yields
/(E-VXVX%—VXVXE-%)(W:
%
/(%xVxE—ExVx%)~nd$, (2.238)
5

where the integral over the sphere at infinity has been set to zero because both
FE and ¢, satisfy the radiation condition. Hence, using (2.236) we have
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/S(n xE- VX% +nxVxE 4)dS = {Eg') :,’112“2 . (2.239)
Using Maxwell’s curl equation,
VxE=—jwuH, (2.240)
(2.239) may be written in terms of the currents flowing on S as
E(r’):/nxE-ngedS—jw/z/an-%dS. (2.241)
5 5

The formula in (2.241) provides the electric field at each point of V' in terms of
the boundary fields on S, and constitutes the mathematical version of Huygens’
principle [12, p.135], [23]). By following the same steps, or by using duality, it is
possible to derive a formula analogous to (2.241) for the magnetic field, i.e.

H(r’)z/nxH-Vx%ndS’—i-jwa/an-%ndS, (2.242)
s s

where the magnetic field dyadic Green’s function %, satisfies (2.236) with mag-
netic field boundary conditions and the radiation condition.

By recalling the equivalence theorem, it follows that specification of the tangential
components of the E, H fields on S is the same as the specification of equivalent
electric and magnetic currents J and M. It is useful to write (2.241) and (2.242)
operationally in the following way

E=2(J)+T.M), (2.243a)
H="T,J)+Y(M), (2.243D)

which express the electromagnetic field (as obtained from the field on S) in terms
of operators identified from (2.241) and (2.242). It can be proved by inserting
(2.243Db) into (2.14a) and (2.14b), and noting the arbitrariness of J and M, that
the above operators also satisfy the following equations

V x Z = —jwuly,, (2.244a)
V xY = jwel,, (2.244b)
VxT,=—jopy — M, (2.244c)
V X T = jweZ +J (2.244d)

from which one obtains
(VX VX —k)Z=—jwud, )
(VXVx—k?Y = —jueM , )
(VXVx—k)T,=-VxM, (2.245¢)
(VX Vx—k)T, =V xJ, (2.245d)
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The operators Z,T. satisfy the same boundary condition as the electric field,
while the operators }A/, T, satisfy the same boundary condition as the magnetic
field.

An interesting circuit analogy of (2.243b) can be obtained by considering the
equivalent sources J and M on the surface S; and the observation point 7’ on
the surface S. In this case, (2.243b) corresponds to an ABCD representation of
the region of space between the two surfaces. In order to describe this region, we
could also have chosen other representations, such as the Z (impedance) or the
Y (admittance) representation. As an example, a Z representation is obtained
by considering the two surfaces 51,52 as magnetic walls. Accordingly only the
electric currents, i.e. the magnetic fields, produce radiation away from the sur-
faces. By letting E1, H; be the electric and magnetic fields on the surface S;, and
E,, H, the electric and magnetic fields on the surface Sy, we may express the
(impedance) relationship between electric and magnetic fields on these surfaces
as

El = le(Hl) + Zlg(Hg) 5 (2246&)
Ey = Zy (H,) + Zy(H,). (2.246b)

A similar relationship may be written for the admittance representation.
Finally note that, when the operator is expressed in a diagonalized form, i.e.
when the region we are dealing with is coordinate and vector separable, we can
pass from one representation, say the admittance representation, to another rep-
resentation.
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3

Wave—Guiding Configurations

I Introduction

As noted in Section II of Chapter 1, we are considering an architecture that
decomposes a complex conglomerate into simpler interactive subdomains. Sub-
domains (SD) can be treated in a variety of ways ranging from purely numeri-
cal methods, such as finite element or finite difference methods, to analytic ap-
proaches based on constructible problem—matched Green’s functions (GF) [1-3].
A model SD Green’s function that is well-matched to the actual SD problem
configuration can serve as an efficient background kernel in the integral equation
formulation for the actual SD-GF.

When the actual problem is so irregular as to render GF-matching impractical,
the homogeneous free—space GF may be the only (but least efficient) analytic op-
tion, apart from purely numerical methods [4-6]. Depending on the SD problem
parameters, the algorithmic efficiency can sometimes be enhanced by quasi-static
or high frequency asymptotic extractions, re-summing of series, etc., as appro-
priate [7]. Analytic techniques, when feasible, provide physical insight, and yield
more efficient field representations as well as computations.

The “cleanest” model Green’s functions (GFs) are based on configurations that
render the vector field equations, with boundary conditions, at least partially
coordinate-separable [8-10]. In the construction of coordinate-separable Green’s
functions (GFs), alternative representations, which impact the rapidity of con-
vergence and wave-physical interpretation of the associated algorithms, play a
critical role [11]. Such alternatives and the relationships connecting them are best
explored in the complex wavenumber—frequency spectral domain; the various sep-
arable options differ according to the “propagation coordinate” that is selected,
and also according to the choice of boundary conditions at the interfaces (ports)
between adjacent subdomains. These interface conditions can be phrased in terms
of oscillatory wave, traveling wave and hybrid combinations, with corresponding
choices of “primary” and “secondary” fields, which constitute the excitation of
the SD and the SD response to that excitation, respectively. These alternative
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fields on the SD interconnects, in turn, give rise to corresponding alternative
network representations.

To implement the coordinate-separable Green’s function analysis noted above,
it is necessary to structure the source—excited full Maxwell field equations ac-
cordingly. First, one identifies “uniform waveguide” regions with the preferred
rectilinear coordinate z, along which “transmission” (propagation) is assumed
to take place [12]. The non—changing cross—sections S transverse to z may be
bounded by an as yet arbitrarily shaped perfectly electrically conducting (PEC)
contour p(s) which may however extend to infinity (see Figure 3.1). To this end,
Maxwell’s equations are structured so as to separate the transverse (to z) field
components from the longitudinal (z) components. The transverse fields are then
expanded into a complete set of transverse orthogonal vector eigenfunctions (vec-
tor modes) which individually satisfy the boundary conditions on s.

The scalar amplitude of each source—excited vector mode field is a function of
the longitudinal coordinate z which satisfies “Transmission Line Equations”. The
reduction from the full Maxwell vector field equations to the scalar modal trans-
mission line equations, and to the ensuing scalarization of the dyadic Green’s
function [13] in a modal basis, is presented sequentially below.

Fig. 3.1. Non—changing cross section S of a uniform waveguide region bounded
by the contour p(s) where p is the transverse radial vector coordinate and v(s) is
the outward normal unit vector to p(s) lying in the plane S, with s representing
the length coordinate along the boundary.

II The Transverse Field Equations

II.1 Source—Free Case

We start with the source—free time-harmonic (exp(jwt)) Maxwell equations,
V x E =—jknH , (3.1a)
V x H = jk(E, (3.1b)
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where the wave impedance 7 and admittance ¢ of the medium are defined in
terms of the medium permeability p and permittivity € as:

1

7’] = =

¢

In the following k = w(pue)'/? is the wavenumber in the region and .# is a unit
dyadic such that &/ - U =U- - =U.

We derive an invariant transverse vector notation for the Maxwell’s field equations

in a homogeneous and source—free medium by elimination of the field components

along the transmission direction, the z-axis. Introducing the transverse gradient
operator, Vy = V — zO%, Maxwell’s curl equations can be written as

- (3.2)

H
-

1/2

0
(Vt + Zoaz) X (Ey+ zoE,) = —gkn (H, + z0H.) ,

OFE
Vi x E,+V, X 20E, + zy x 8—; = —ykn (H, + zoH.) , (3.3)

0 _
(Vt =+ Zoaz> X (Ht =+ Z()Hz) = ]]{JC (Et -+ ZoEZ) s

0H
Vix H; +V; X zoH, + zo X 8zt

= gk (B, + 20E.) . (3.4)

By equating the terms in (3.3) and (3.4) according to their vector dependence we
obtain

Vi x By = —jknzoH, (3.5a)
Vi X zoE, + zg X % = —jknHy, (3.5b)
V. x H, = jkCzoE, , (3.5¢)
Vi x zoH, + 2o X % = JkCE, . (3.5d)

Applying the transverse curl operator to (3.5¢) and substituting into (3.5b) yields

1
zg X @ = _ﬁvt X Vt X Ht_Jant

and after performing the vector product with —z, and applying the vector iden-
tity

zZo X Vt X Vt xU = VtVt (U X ZO) (36)

we obtain
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OF 1
Similarly from (3.5a) and (3.5d), one obtains
OH . 1
8; = —9k( (y + kaw) (2o X Ey) . (3.8)

By forming the scalar product of zo with (3.5a) and (3.5¢) respectively, we obtain
the following longitudinal components of the electric and magnetic fields,

1 1

Ez = ﬁvt . (Ht X ZO) = ﬁZO . (Vt X Ht) s (39&)
1 1

HZ = MVt . (Z() X Et) = —%ZQ . (vt X Et) . (Sgb)

I1.2 Source—Excited Case

Using the decomposition in Section II.1 we now consider the steady-state vector
fields excited by a specified electric current distribution J(r) and magnetic cur-
rent distribution M (r) in the waveguide environment of Figure 3.1. The source-
excited Maxwell equations are:

V x E(r) = —jwuH(r) — M(r), (3.10)
V x H(r) = jweE(r) + J(r). (3.11)

On the perfectly conducting boundary of the uniform waveguide (see Figure 3.1),
the tangential component of the electric field must vanish, i.e.,

vxE=0, on s. (3.12)

The vanishing of the tangential component of E on s also implies the vanishing on
s of the normal component of H. For a region with infinite cross section, condi-
tion (3.12) is replaced by a radiation condition which requires that, for any source
distribution contained in a finite region, the field solution at infinity comprises
only “outgoing” waves (see Chapter 2 Section VII). The boundary conditions on
the longitudinal (z) boundaries of the region are left open for the moment and
will be taken into account in the subsequent solution of the transmission-line
equations. For the present discussion, the scalar permittivity € and permeability
1 of the waveguide medium may both be z dependent. To effect the transverse—
longitudinal decomposition as in Section II.1, we take vector and scalar products
of (3.11) with the longitudinal unit vector z,

JwpH X zg+ M X zg = zg X (V x E)

0]
= —aE +VE,

0
= —aEt + Vth (313&)
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and
—]w,uHZ — Mz =Z0- (V X E) = —Vt . (ZO X E) (313b)

Similarly, for the second of (3.11), one has, by duality (see Chapter 2 Section I11.4)

0
jwezg X E+zgx J =VH, — &Ht, (3.14a)
ju)€Ez + Jz = Vt . (H X Zo) . (314b)

Upon replacing E, in (3.13a), using (3.14b), one obtains

0 1
*7Et :jwth X zZg — T(Vtvt ‘Ht X Z0 *VtJZ) +Mt X Zg
Jw

0z
= jwi (ﬂ + vligvt> < (Hy X zg) + My X 29, (3.15a)
and, by duality,
—%Ht = jwe (f + Vgt) (20 X Ey) + 2o X Jye, (3.15b)

where the equivalent transverse electric and magnetic current distributions are
given, respectively, by

vth J+Vf><MZ

Jie=Jdi— 2o X — =Jy ; (3.16a)
jwp jwp

My = M, + 2% 2 — g, - Ve X T (3.16b)
jwe jwe

The transverse field equations (3.15) and (3.16), which admit z-dependent ¢ and
1, provide the basis for the treatment of field problems in uniform waveguides.
They are completely descriptive of the total field equations (3.11), since from
(3.13b) and (3.14b), the longitudinal components are derivable from the trans-
verse components as (cf. (3.9a) and (3.9b))

JjweE, =V, (Hy X z9) — J,, (3.17a)
JwpH, =V (2o x Ey) — M, . (3.17b)
The boundary condition (3.12), requiring the vanishing of the total tangential

electric field on the perfectly conducting guide walls, can be restated in terms of
the transverse field components as

vxE =0 on s, (3.18a)
Vt . (Ht X Z()) =0 on s, (318b)
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where the second relation follows from (3.17a) upon assuming that J, = 0 on s.
This restriction, which requires the vanishing on the boundary of the z component
of the applied electric current source, is of no practical consequence since an
applied tangential electric current source on a perfectly conducting surface is
“short-circuited” and cannot radiate a finite field.

IIT TE and TM Potentials

When it is possible to identify a preferred waveguiding direction, e.g. the lon-
gitudinal direction z, the field expressions (2.88b) simplify and the field can be
separated into two parts, TE and TM.

E Type (TM) Potentials
A z-directed potential IT,
II, = zIl.(r), (3.19)

where zq is a unit vector directed along z, generates a magnetic field contained
entirely in the transverse plane and is therefore Transverse Magnetic TM or E
type (E, # 0; H, = 0). It follows that for TM fields

I, =0 (3.20)

and II, is a scalar potential, leading to substantial simplification in (2.88b).
Decomposing

V =V, + 20. (3.21)

and substituting (3.19) and (3.21) into (2.88b), we get
E = Et + Z()EZ = Vt ((92176) + 2o (822]79 + k2ﬂe) 5 (322&)
H =H, = —jwezy x V.. (3.22b)

The scalar potential I1, must satisfy the scalar Helmholtz equation in a source—
free, locally or piecewise homogeneous region

V21 (r) + K*I.(r) =0 (3.23)

which, taking into account the transverse/longitudinal separability, i.e. IT.(7) =
#(p)C(2), becomes the pair of scalar equations

Vio(p; k) + ki o(pi k) =0, (3.24a)

d*((z)
dz?

+K%¢(2) =0 (3.24b)
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linked by the wavenumber conservation condition (dispersion relation)
k + k=K, (3.25)

where k is the longitudinal wavenumber (propagation coefficient). In (3.24a),
¢ denotes a transverse eigenfunction, depending on the transverse wavenumbers
(eigenvalue) k;. When, as in closed metallic waveguides, the waveguide transverse
cross—section is bounded, k; can only take discrete values ky;,

ki + ;= k2 (3.26)

The corresponding transverse eigenfunction is denoted as ¢;(p), with i being
the modal index. On the other hand, if the waveguide cross—section extends to
infinity, k; is a continuous variable indicative of a continuous spectrum as in the
generic notation ¢(p; k).

When considering bounded cross-section waveguides with a discrete spectrum, by
inserting I1.(r) = ¢;(p)¢;(z) into (3.22) and making use of (3.24b,3.26) we have

E.; = 5iG(2)p:i(p) (3.27a)
B, = Viou(p) ™) (3:27h)
Hti = *jbdé‘ci(Z)ZQ X Vtgzbl(p) . (327C)

We obtain the appropriate boundary condition for ¢;(p) by observing from (3.27a)
its proportionality to E,, so that £, = 0 on s in Figure 3.1 implies

di(p) =0 on s. (3.28)

It is convenient to normalize the transverse mode fields in (3.27) by introducing
the orthonormal transverse vector eigenfunctions (primed quantities denote TM
modes)

el (p) = —o10), (3.290)
hi'(p) = —z0 x &/(p) (3.29b)

with the corresponding modal vector fields in (3.27b,c) given by

dCi z
B =Ky d,(z )eil(P) ; (3.30a)
H;; = jweki(i(2)hi (p) . (3.30b)

By introducing modal voltages V/(z) and currents I}(z)
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dgi(2)

! — / L\

Vi(z) = =K==, (3.31a)
Ii(2) = jwek'uiGi(2) (3.31D)

we may write
E,; =V/(2)e!(p), (3.32a)
H; = I}(2)hi(p). (3.32b)

By taking the z-derivative of (3.31) we obtain the usual transmission-line equa-
tions

!

d?@:—wmﬂwW@L (3.332)
z
/

e AL (3.330)

with the modal impedance Z! and modal admittance Y, defined by

Zi(k) = _ M (3.34)
' Yi(ki)  we

for TM modes.
H type (TE) Potentials
A potential IT, directed along the z—axis
Hh = Z()Hh(’l'), (335)

generates an electric field contained entirely in the transverse plane, and is there-
fore Transverse Electric TE or H type (H, # 0, E, = 0). Thus, for TE modes

I, =0 (3.36)

and [T}, is a scalar potential. We proceed in a manner dual to that for TM modes;
for TE modes we label the corresponding quantities by a double prime.

The transverse vector eigenfunctions dual to those in (3.29) (i.e. €, — h, h} —
e/, ¢; — ;) are given by

e!(p) = _W]/;f,(”) X 20, (3.37a)
ti
h(p) = 1) (3.37)

with v; satisfying the scalar eigenfunction equation
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Vii(p) + ki vi(p) = 0 (3.38)
subject to the PEC boundary condition h}-v = 0 on s (cf. (3.18)), which becomes
(since Vi - v = a%)

O
B = 0 on s. (3.39)
Appealing again to duality, (3.32) become
Ey; =V/(2)e/"(p), (3.40a)
H] = I!(:)h/(p) (3.40b)

with V/"(z) and I/(z) satisfying the transmission-line equations
vy (z)

o = IRz k) (), (3.41a)
z
dIy

L) jevigvice) (3.411)
2

with immittances now defined for the TE case as
1
Z} (k) = — 2 (3.42)

Y/(kl) R
i R i
The results obtained in this section are organized systematically into the ar-

chitecture for modal representations of electromagnetic source—excited fields in
Section IV below.

IV Modal Representations of the Fields and Their Sources

The vector electromagnetic field equations can be transformed into ordinary
scalar differential equations on representation of the fields in terms of a complete
orthonormal set of “guided” eigenfunctions. Single and double primes throughout
denote H type TE and E type TM modes, respectively. For a perfectly conduct-
ing waveguide filled with a homogeneous, isotropic medium, a possible complete
eigenvector set comprises both E TM mode functions €’(p), h'(p) and H TE mode
functions €”(p), h"(p). In terms of the indicated mode functions, a representation
of the independent transverse fields is given as

= Z V/(2)ei(p) + Z V(=) (p), (3.43a)

Z I(2)h(p) + Z I'(z)h! (p (3.43b)

Jie(r) = Z +Zz” el (3.43c)
M. (r Z v! )+ Z u!(z)h! (p), (3.43d)
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where i is in general a double index, and
hi = Zy X €;. (3436)

The specific form of the transverse vector eigenfunctions e; and h; is dependent
on the shape of the guide cross-section and is, in general, defined by the following
z-independent equations

ViV, - € = —ke] ViV hi = —k/h, (3.44)
V.V h, =0, V.V, € =0, '

subject, in accord with (3.18), to the boundary conditions on the curve s with
normal v bounding the transverse cross section:

vxe,=0=V, - (hixzy), vxe/ =0=V,-(h!xz) ons  (3.45)

In view of (3.17) and (3.43), one obtains the longitudinal-field representations.
One notes from (3.44) that only E modes contribute to the representation of E,,
while only H modes contribute to the representation of H.,

JjweE.(r) + J.(r) = Z I[(2)V: - €i(p), (3.46a)

JopH(r) + M(r) = 3 V()9 B (p). (3.46D)

7

One notes from (3.45) that the vector mode functions in (3.43a) and (3.43b) in-
dividually satisfy the appropriate boundary conditions (3.18) on the transverse
electromagnetic fields. Moreover, since applied electric and magnetic currents have
no tangential or normal components, respectively, at a perfectly conducting sur-
face, the representations for the source currents in (3.43c) and (3.43d) are likewise
meaningful for realizable source current distributions on the boundary.

Upon applying the following transverse form of Green’s theorem,!

//dS[UthVt~V—V~VtVt~U]
s (3.47a)
:fds[w-u)(vt V)~ (V)Y U],

! Equation (3.47a) is obtained by applying the divergence theorem in the transverse cross
section to the expression

V- [UVy-V-VV,-Ul=U-V,V; - V-V.-V,V,- U
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where U and V are suitably continuous transverse vector functions, to the vector
mode functions defined in (3.44), one deduces the orthogonality conditions over
the cross-sectional domain S (normalization to unity is assumed):

//e -e"dS = b = // e;*ds, //e;-e;’*dszo, (3.47b)
S

and similarly for the h; functions. The asterisk denotes the complex conjugate,?
and the Kronecker delta is defined as follows: d;; = 0,7 # j;d; = 1. In view of
these orthonormality properties, the mode amplitudes in (3.43) are determined
as follows:

z) = / SEz(T’) -ej(p)ds, I(2) = /SHt(r) hi(p)dS,  (3.48a)

:/SMte(r).h;‘(p)dS, ii(z)://s,]te(r).e;(p)d& (3.48)

where the distinguishing ' and ” have been omitted since the equations apply
to both mode types. Utilizing the equivalent current definitions in (3.16) and
employing the vector integration-by-parts formula (divergence theorem in two

dimensions)
//SdSVf,f-U:—//Sdevt.UJride(U.,,) (3.49)

with f and U suitably continuous scalar and vector functions, one may reexpress
the integrals of (3.48). The contribution to the gradient integrals from the bound-
ing contour s vanishes in view of the boundary condition h; - v = 0 [ (3.45)] and
the specification J, = 0 on s, so (3.48b) become

z) = // M(r)-hi(p)dS + Z; // J(r) - e (p)dsS, (3.50a)
// J(r)-el(p)dS+Y;* // M(r) - h;(p)dS, (3.50b)

where
"
Y/'h!.(p) = zow, h,=0 (3.50¢)
jwp
.e
Ziel(p) = ZOM, e’ =0. (3.50d)
jJwe

2 Although k;f and k;Z are real (which guarantees real eigenfunctions), it may be convenient
to employ a complex decomposition (e.g. cos(ax) = 1/2[exp(jax) + exp(—jax)]. Therefore,
the orthogonality condition involves the complex conjugate function.
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The vanishing of h), (for E modes) and of e”; (for H modes) follows directly
from (3.44). The introduction of the characteristic impedance and admittance Z;
and Y/ [defined explicitly in (3.51d)] serves to highlight in a physical sense the
contributions of the various integrals as either voltages or currents. It is to be
noted that the formulations in (3.50) do not require differentiability of J, and M,
in the cross section S as implied in (3.16) and (3.48b). By inserting the modal
representations (3.43) into the transverse field equations (3.15), interchanging the
order of summation and differentiation, making use of (3.44), and equating like
coefficients of the mode functions e;, and h;, one obtains the desired transmission-
line (TL) equations for the E and H mode amplitudes as

o JkiZili + v;, (3.51a)
2
dl; . .
T JRYiVi + 15, (3.51b)
2

where the modal characteristic impedance Z; (admittance Y;) and the modal
propagation constant x;, are defined as follows:

1 7 . .
Zi= =t m= R k= kR, (3.51c)
H modes:
1 1" . "
4= Yo - % Lk =R =k = =R — R (3-51d)

7

E modes:

Here, k? = w?pue, and both u and € may be functions of z. The form of (3.51a)

and (3.51b) permits identification of V; and I; as transmission-line voltages and
currents, respectively. The choice of sign on the square roots in (3.51) assures
the damping of non-propagating modes (k; imaginary) away from the source
region for the assumed time dependence exp(+jwt). The evaluation of the source
voltage v; and current i; amplitudes follows directly from the specified electric
and magnetic source currents J and M via (3.50a) and (3.50b). Solutions of the
network—oriented TL equations (3.51a) and (3.51b) for various stratifications and
terminations in the z domain are discussed next.

V Scalarization and Modal Representation of Dyadic
Green’s Functions in Uniform Regions

Solutions for the vector electromagnetic field excited by prescribed sources in a
uniform waveguide region bounded by perfectly conducting walls (if any) and
filled with a transversely homogeneous material follow from the representations
in (3.43) and (3.46); the vector mode functions are evaluated from (3.44) and the
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modal amplitudes from (3.51), subject to appropriate boundary conditions in the
z domain. Solution of the vector eigenvalue problems in (3.44) is facilitated by
introduction of scalar mode functions. The scalarization achieved in this manner
may be utilized to define E and H mode (Hertz) potentials from which the elec-
tromagnetic fields themselves can be derived. For point-source excitation, these
potentials are equivalent to scalar Green’s functions. The procedure discussed
below yields explicit expressions for these functions and thereby solves the scalar
potential problems. We first express vector mode functions in terms of scalar
mode functions, and then scalarize the overall field representation.

V.1 Mode Functions

In representing the transverse electric vector field E; in (3.43a) in terms of two
independent vector mode sets {e;} and {e}}, use has been made of a theorem
which states that any transverse vector can be decomposed into two parts, one of
which is with zero divergence (solenoidal) and the other of which is with zero curl
(irrotational). The vector set {e}} is irrotational (i.e., V; X €; = 0 in S), while
the vector set {e} is solenoidal (i.e., Vi - e/ = 0in S) [see also (3.44)]. In view
of these properties, the vector mode functions e} and e can be represented as
gradients and curls of scalar functions ¢; and v¢; as follows (recall that curl-grad
and div-curl = 0)

ei(p) = W, (3.52a)

e(p) = _WZ/(P) X 20, (3.52b)
and, consequently,

hi(p) = —zy x W, (3.52¢)

K!(p) = Vfiz{(p) (3.52d)

By (3.52) and (3.44), the mode functions ¢;, and 1; are defined by the two scalar
eigenvalue problems (note that V2 = V, - V)

Vigi+ki’¢i=0 inS, (3.53a)

¢ =0 onsif k), #0,

‘ (3.53b)
%¢Z =0 onsifk,=0 (TEM mode),
5
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and
Vi + K2 =0 in S, (3.53¢c)
%1/; =0 ons. (3.53d)

The vector mode functions for the TEM (transverse electromagnetic) case are
determined via

eo(p) = ho(p) x 29 = —=Vido(p), (3.54)

where ¢o(p) is the solution of (3.53a) with ki, = 0, with the normalization

/ / p)dS=1. (3.55)

VI Fields in Source-Free, Homogeneous Regions

Using (3.52) and assuming interchangeability of summation and differentiation
operations, one may write (3.43a) and (3.43b) as

E\(r)=-V,V'(r) = V,V"(r) x zq, (3.56a)
H.(r) x zg ==V I'(r) = VI"(r) x 2, (3.56b)

where the potential functions V'(r), I'(r) and V"(r), I"(r) are defined as follows:

Z V/ k‘l R V”( ) — Z ‘/z'”( )1/1;(” )7 (357&)
Z I @k(/p 7 (r Z 1z Y/J}c P (3.57h)

From (3.56) and (3.17), the electromagnetic fields can be expressed at any source-
free point where € and p are non-variable as?

E(r) = jTEV X V X [zoV'(7)] = V x [20V"(7)], (3.58a)
H(r) =V x [zV'(v)] + ﬁv X V X [zoV"(7)]. (3.58Db)

3 Tt should be pointed out that the scalar eigenfunctions ¢; and v;, like the vector eigenfunc-
tions e and e/, each form an orthonormal set (see Section 3.2). Normalization of these scalar
eigenfunctions differs from that used in reference [14]. The relation between the eigenfunc-
tions here and those in reference [14] is the following:

k;i[qﬁi]ref,l =¢i, k;/i[wi]ref.l = .
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The two independent functions I'(r) and V”(r) suffice to determine the total
fields via (3.17). In a source-free region, V'(r) and I"(r) are obtainable from
I'(r) and V" (r), respectively, by differentiation with respect to z, as is evident
from the transmission-line equations (3.51). Thus,

! 1 dl{(z) le(P) 1 0 !
= E = —1I .
Vir) — —jrY! dz K —jwe 0z (), (3:59a)
and, similarly,
" _ 1 0 "
I'"(r) = fjwuiﬁzv (7). (3.59b)

Equations (3.53) and (3.51) may be used to verify that in a source-free, homo-
geneous region, the potentials I’ and V" given by (3.57) satisfy the Helmholtz

equations
[l
(V2 + k%) { V,,} =0. (3.60)

The potential functions (V',I’) and (V" I") satisfying (3.60) are of the Hertz—
potential type, as can be seen by comparison with IT, in (3.19) and (3.23) and
its dual IT) in (3.35) etc., respectively.

VII Green’s Functions for the Transmission-Line
Equations

To obtain explicit solutions for the potentials in source regions, it is necessary to
relate the modal coefficients in (3.57) to their excitations. Within this context,
it is convenient to introduce modal Green’s functions, which characterize the
response at z due to a point source at z’. In view of the linearity of the TL
equations (3.51), one can obtain the voltage and current solutions at any point z
by superposing separate contributions from appropriately weighted point voltage
and current generators distributed along points z’. Thus,

V(z) = 7/dz'TV(z,z’)v(z’) f/dz'Z(z,z')i(z'), (3.61a)
I(z) = —/dz'Y(z,z')v(z') —/dz’TI(Az’)i(z’), (3.61b)

where the mode subscript i has been omitted. Equations (3.61) reduce the prob-
lem to that of determining TV (z, 2'), Y (2,2') and Z(z,2'), T!(z, '), whose sig-
nificance as modal Green’s functions is evident: =TV (z, 2’) and —Z(z, 2) are the
voltage responses at z due, respectively, to a unit voltage and current source
(generator) at 2/, while —Y(2,2’) and —T7(z,2) are the corresponding current
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responses to the same excitations. Thus, if in (3.51), one sets v(z) = —d(z — 2/)
and i(z) = 0, there results

—dilzTV(z, 2= grZY (2,2) = 6(z — 2'), (3.62a)
faliY(z7 2) = jrY TV (2,7, (3.62b)
2

and, if v=0,i=—d0(z — 2'),

d

—aZ(z, 2 = jkZT!(z,7), (3.62¢)

fdiTI(z, YY) = kY Z(z,2) — 8(z — &), (3.62d)
z

subject to as-yet-unspecified boundary conditions at the z terminations.

The modal Green’s functions defined in (3.62) satisfy reciprocity properties when
k and Z are either constant or z—dependent. Consider a given terminated trans-
mission line to be excited by two separate source distributions: the first, v(z),
i(2), giving rise to V(2), I(z); and the second, 9(z), i(z), giving rise to V(2),
I(z). Both sets satisfy the TL equations:

f% = jrZI + v, (3.63a)
I
—;% = JKYV +1, (3.63b)
and

dv .

’(TZ _jnzi+0 (3.63¢)
di o

— = IRYV i (3.63d)

Upon multiplying (3.63a)—(3.63d) by I, V, 1, V, respectively, subtracting the
sum of the resulting (3.63a) and (3.63d) from the sum of (3.63b) and (3.63c), and

integrating over z between the limits z; and 25, one obtains

A~ A Z2 A ~ A~
(VI-1v)? = / dz(v] + iV — iV = 01). (3.64)

21

subject to the same terminal conditions at z; and z,

Vi(z2) = TZ(212)1(21), Vi(zg) = T2(z12)1 (1), (3.65)
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where Z(212) are terminal impedances®. Thus, the left-hand side of (3.64), ex-
pressing the difference between the values at z; and z; of the bracketed quantity,
vanishes and one obtains the reciprocity relation

22 N N N
/ dz(vl +iV =iV —oI) = 0. (3.66)

To apply the reciprocity condition (3.66) to the modal Green’s functions defined
in (3.62), one selects the following special source distributions:

v=0=0, i=-0(z—2), i=-0(z—2");
V= Z(2,7), V—Z(z2"),
i=1=0, v=—0(z—2), 0=-0(z—2");

v=1i=0, i=-0(z—2), 0=-0(z—2");
I =Tz 2), V—=TY(z2"),

whence one obtains the following reciprocity theorems:

Z(2", ) = Z(Z, "), (3.68a)
Y(" ) =Y ("), (3.68b)
T, ) = =TV (¢, 2"). (3.68c¢)

In view of the reciprocity relation (3.68c) between T and TV, one deduces from
(3.62) the important fact that the general solution for the voltage and current in
a source-free region can be expressed solely in terms of either Y (z,2') or Z(z, 2').
Suppose we have found Y (z,2'); then TV is obtained from (3.62b). Because of
the reciprocity theorem, a knowledge of TV implies the knowledge of 77, which
in turn determines Z(z, 2’) via (3.62d), provided that z # 2’ (i.e., away from the
source). Thus, all the required information is contained in Y'(z, z'); an alterna-
tive statement applies for Z(z,2). Because of the fundamental role played by
the current (i.e., the E, field component) in the case of E modes, it is usually
convenient to determine E mode solutions from Y'(z, 2); by duality, the Green’s
function Z(z,2’) is usually more convenient for H mode quantities.

VIII Modal Representations of the Dyadic Green’s
Functions in a Piecewise Homogeneous Medium

The electromagnetic fields radiated by point current excitations are conveniently
expressed in terms of dyadic Green’s functions. In this section we derive modal

4 Note that in this section, Z, Z(z4), and Z(z, z') denote, respectively, the modal characteristic
impedance, the terminating impedance at z,, and the voltage Green’s function for the ith
mode.
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solutions for the dyadic Green’s functions in regions whose properties are constant
along the z direction and show how the dyadic Green’s functions can be related
to scalar Green’s functions.

From (3.58) one notes that the electromagnetic fields E(r) and H(r) exterior to
source regions can be expressed in terms of the scalar potential functions I'(r)
and V"(r) defined in (3.57). If the assumed sources are electric and magnetic
current elements situated at the point 7/,

J(r) =J%(r — 7)), M(r) = M°5(r —7'), (3.69)

where J® and M are arbitrarily oriented constant vectors, then the modal rep-
resentations for I” and V" in (3.57) can be simplified. Consider first the E mode
TM current I/(z) occurring in the representation for the E mode TM current
potential I’(r) in (3.57b). Upon recalling the definitions for the transmission-line
Green’s functions Y;(z,2z') and T/(z,2') in (3.61b), one notes that for a point
source

[Z,(Z, Zl) = _Y;I(Z7 Z/)’UZ/-(Z/) - T;/I(Zv Zl)i;(zl)v (370)

where the dependence of I/(z) on z’ has been indicated explicitly and the sub-
scripts have been inserted to highlight the modal character of the various quan-
tities. It will be desirable to have T}’(z, 2’) expressed in terms of Y/(z, 2’). From
(3.68c), (3.62b), and (3.68b), one finds that

1 d 1 d

JK:Yi @Yi(z’,z) -

TH(z,2) = -TY(,2) = Yi(z,2). (3.71)

j"fiYi@ ’
Since k;Y; = we for E modes [see (3.51c)], one obtains, instead of (3.70),

1 d
Iz, ) = — — L v(z, ). 3.72
) = = [l + | ¥ (372
In a similar manner, one can show that the H mode voltages V;”(z), occurring
in the representation of the voltage potential function V" (r) in (3.57a), can be
expressed in a manner dual to that in (3.72):

V) = = |46+ ()1

Jwi 4

} Z(z,2) . (3.73)

Since 0(r — ') = §(p — p')d(z — 2’) in (3.69), the source terms v; and i; defined
in terms of J and M by (3.50), take on the following simple form:

vi(2) = v;(2)d(z — z') ii(2) = (z')é(z —2'), (3.74a)
vi(2) = hi(p) - M"+ Zie,(p') - T (3.74b)
W) = €xpl) - V4 YIH)  M (3740
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Upon substituting the scalar mode functions via (3.52), one finds that for E
modes,

1 d
- [+ ]
* / 1 6 * /
= [(zo X v;)@k(; )} -M° — e [(zov? - vgaz,> ¢‘l§£’: )} -J% (3.75)

where V, denotes differentiation with respect to the primed coordinates p’. In
view of the vector identities

2o X Vip = —V' x (20@) = —(V' X 20)@ (3.76a)

and

/i o 12 - _ /i _ 12 =
<vt32’ ZoVy >*” - (V oz V)Y (3.76b)

= V’(V’ . Zo(ﬁ) — V’Q(ZQQL_?) — (V’ X V/ X Zo)@,

where @ is a scalar function of p’, one obtains the following concise expression
for I'(r) after substituting (3.72)—(3.76) into (3.57b):

I'(r) = (V' x V' x 20).7 (r,7') - J° — jwe(V' x z0).S"(r,7') - M°, (3.77a)
where

* /
jwe s (v, 7') = Z Ww(z, ). (3.77b)
The meaning of the operations V' x zy and V' x V' x z; is defined in (3.76a)
and (3.76b), respectively. Equations (3.77) evidently are valid only when kj; # 0
(i.e., any possible TEM modes are excluded).® If the waveguide structure can
support one or more TEM modes, the contribution to the radiated fields from
these modes must be taken into account separately [see footnote to (3.53b)].
For the H mode potential function V”(r) in (3.57a) one obtains by analogous
considerations the dual representation

V' (r) = jwp(V' x 20) " (r,7") - J* 4+ (V' x V' x 20)S"(r,7') - M°, (3.78a)

where

5 The interchange of operations of summation and differentiation, assumed valid in deriving
(3.77) from (3.57), may not be permissible in certain problems involving continuous spectra
or eigenfunctions. [Similar remarks apply to (3.78).] In these instances, the above expressions
are to be considered as formal and must be properly interpreted [see the last paragraph in
this section for related comments pertaining to the operator 1/V?).
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: vi(p)vi(P')
jupS" (r,r') = zz: TZZ{'(Z, 2, (3.78Db)

and 1; are the scalar H mode functions defined in (3.53).

Upon substituting the representations for I'(r) and V" (r) from (3.77) and (3.78)
into (3.58), one obtains the desired formulation for the electromagnetic fields
observed at r due to vector point-source excitations of electric and magnetic
currents at v’ as in (3.69):

E(r,v)=-Z(r,v)-J° = F(r,v) M°, (3.79a)
H(r,v')=—-Z,(r,v) - J =% (r,r) M", (3.79Db)

where 2, % and 7., ,, are the dyadic impedance, admittance, and electric and
magnetic transfer functions, respectively [with = # r/]:

—jweZ(r,r") = (V x V x 20)(V' x V' x 20)S (v, 7")

+ E*(V x 20) (V' x 20).7" (v, 7)), (3.80a)
—jwpd (r,r') = (V X V X 20)(V' X V' X 20).7"(r,7")
+ E2(V x 20)(V' % 20).7" (7, 7), (3.80b)
To(r,r") = (V X V x 20)(V' x 20)." (7, 7")
+(V x 20)(V' x V' x z0)."(r,7), (3.80c)
— T, 7)) = (V X V x 20) (V' x 20)S" (v, 7")
+(V x 20)(V' x V' X 20)." (v, 1), (3.80d)

where k? = w?ue = constant. Via (3.80), the dyadic Green’s functions are ex-
pressed in terms of scalar functions .’ and . in what appears to be a funda-
mental form. The symmetry inherent in the expressions is to be noted. In (3.84b)
and (3.85b) the functions —V}2.%" and —V}2.#" are shown to be scalar Green’s
functions that satisfy (3.88) and (3.89). Since from (3.68), Y/(z,2") = Y/(%', 2)
and Z/'(z,7') = Z!'(<, z), it follows from the modal representations for . and
" in (3.77b) and (3.78b), respectively, that for real ¢; and ;5

L")y =S (v, r), L,y =" (v r), (3.81)
whence, from (3.80),
Z(rr)=Z(r' 7)., Virr)=D (' r), T(ror)=—T.(rr), (382)

6 Although not always convenient, the mode functions ¢; and 1; in regions bounded either by
perfectly conducting walls, or else unbounded, can always be chosen real. Only such regions,
wherein k2, is real, are considered above.
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where the tilde (7) denotes the transposed dyadics. These relations represent
reciprocity conditions valid for 7 # ’. (To include also the point r = 7/, (3.80)
must be modified as in (1.1.38) or (1.1.49) of [14]).
Equations (3.77) and (3.78) simplify considerably for the case of longitudinal
sources,

JO = z,J°, MO = z,M°. (3.83)
From (3.76a) one notes that (V' x z0)@ - zg = 0, while from (3.76b), (V' x V' x
20)@ - z0 = —V,?p. One may write

I'(r) = J°G'(r,7), (3.84a)

where, in view of Vi?¢:(p') = —ki;*¢; (p') or Vidi(p) = —k*di(p),

G'(r,r') = —V’Qy'(r r) = —VQy'(r,r')

_ b Z@ Y/(z, ). (3.84b)
 jwe
Similarly, one writes
V'(r) = M°G" (r, 7)), (3.85a)
with
GN('I",T/) — _VIQy//(r T‘l) _ —VZY”(r,r’)
 jwp

One notes from (3.84) and (3.85) that a longitudinal electric current source excites

only E modes along z while a longitudinal magnetic current source excites only H

modes. The fields are now determined by the following simplified form of (3.79):
0

E(r,7') = j‘%g(v x V x z0)G'(r,7") — M°(V x z0)G" (v, 7'), (3.86a)
0

H(r,v') = J°(V x 20)G'(r,7) + %(V X V x z0)G"(r, 7). (3.86Db)

We show now that G’ and G” are scalar Green’s functions satisfying, subject to
appropriate boundary conditions, the scalar wave equation with an inhomoge-
neous term —d(r — 7'). Let the operator (V2 + k?) act on G’ as represented in
(3.84b) and assume that the operations of summation and differentiation can be
interchanged. Then, since V2¢; = —k,{¢2¢>z‘, and w2 = k? — k]2,

9 , d? ,
<V2+a2+k2> G T' 7' = ]u}ig E ¢7, <+f<§2> }/Z-/(Z,Z/)
(3.87a)

—5(z — 2') Z oi(p)o;(p')

= —3(z—)b(p—p)=—(r—7).  (3.87h)
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The transition from (3.87a) to (3.87b) follows via the differential equation for
Y/(2,2') obtained on elimination of T} (2, ) from (3.62a) and (3.62b), while the
identification of the mode function series as 0(p — p’) is discussed in Section VI
of Chapter 2. Thus, the E mode function G’ a scalar three-dimensional Green’s
function which satisfies the inhomogeneous wave equation

(V2 + )G (r, 7)) = =5(r — 1) (3.88a)

subject on the perfectly conducting waveguide boundary s, to the same boundary
condition as ¢;(p) [see (3.53b)],

G'(r,7") =0, 7 on s. (3.88b)

The boundary conditions on G’ in the z domain will depend on stratification
along the z coordinate. For example, across a dielectric interface at z = 2z,
the transverse electric and magnetic fields are continuous, so the voltage and
current in each mode are continuous [see (3.43a) and (3.43b)]. Since Y/(z,2)
represents a current, continuity of Y/(z,2’) across z; implies from (3.84b) that
G'(r,7") is likewise continuous across z;. From the transmission-line equations,
the mode voltage is proportional to (1/x.Y/)(d/dz)Y;(z,2'), and since &Y; = we,
continuity of voltage implies via (3.84b) that (1/¢)(9/9z)G'(r,r') must likewise
be continuous at z;.” Thus, we find that G’ and (1/¢)(0G’/9z) are required to be
continuous across a dielectric interface. Similarly, if the region is terminated at
21 in a perfectly conducting plane on which the transverse electric field vanishes,
each modal voltage vanishes and requires that dG'/0z = 0 at z;, while for an
unterminated z domain, a ”radiation condition” requiring an outward flow of
energy is appropriate. The modal representation for G’ in (3.84b) thus constitutes
the solution of the Green’s function problem posed in (3.88) subject to the above-
discussed boundary conditions.

By analogous considerations, one shows that the H mode Green’s function G” in
(3.85b) satisfies the inhomogeneous wave equation

(V2 + )G (r,7") = —=6(r —7'), (3.89a)

subject on the perfectly conducting waveguide boundary s to the same condition

as ¥;(p) [see (3.53d)],
aG//

ov
The boundary conditions satisfied by G” in the z domain are dual to those on G'.
At an interface plane z = 2z, G” and (1/u)(0G”/0z) must be continuous, while
at a perfectly conducting plane, G” = 0.% The recovery of %/ and .#" from G’

=0 on s. (3.89b)

"¢ and p in (3.77b), (3.78b), (3.84b), and (3.85b) have constant values appropriate to the
medium containing the source point z’; in (3.77), (3.78), (3.80), and (3.86), £ and u have
constant values appropriate to the medium containing the observation point [see also (3.90),
(3.92), and (3.94)]. These remarks are relevant for analysis of media with piecewise constant
€ and p.

8 See the preceding footnote.



Sec. IX, Inhomogeneous Medium 91

and G”, respectively, requires the inversion of (3.84b) and (3.85b). For k2 # 0,
this inversion is accomplished readily in a basis wherein —V? — k.2 or kg{ and
leads directly to the representations in (3.77b) and (3.78b).

IX Modal Representations of the Dyadic Green’s
Functions in an Inhomogeneous Medium

The formulas derived in Section VIII apply to homogeneous media and must
be modified if € and p are functions of z. In this instance, the results of Sec-
tions I11.2,V.1, VI, and VII remain valid with the exception of (3.58), which should
be written at a source-free point as

E(r)= e (VX V X z)I'(r)—(V xzg)V"(r), (3.90a)
1 " !
H(r)= e )(V X V x zo)V"(r) + (V x zo)I'(r) (3.90b)

with I'(r) and V”(r) defined in (3.57). As regards the results in Section VIII,
one notes from the method of derivation that (3.72)—(3.76) still apply provided
that € and p are replaced by e(2’) and pu(z’'), respectively. It then follows that
(3.77) should be written as

1

where the vector operators L] and L are defined as

=V xzy L,=V xV xz, (3.91Db)

I'(r)=—-L\.7; M° +

and

S = Z Ww(a 2. (3.91c)

Dual considerations apply to (3.78).
With the above modifications, the dyadic Green’s functions in (3.80) are now
written in the following form:

1

Z(r,r') = WLgL'ZYé + L L. (3.92a)
Y (') = W@Lg;ﬂ; b L, (3.92b)
To(r,v) = %() L.+ Ml( FLLs . (3.92¢)
() = WL W &_1( Ly (3.92d)
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where

Li=Vxz, L=VxVxz, S=)Y. WZ{I(Z,Z/). (3.92¢)
i ti

It is readily verified that these more general expressions satisfy, as they must, the
reciprocity relations (3.82).

The modal Green’s functions Y/(z, z") and Z!(z,2') are defined in (3.62). Be-
cause k(z) = [w?u(z)e(z) — k2]*/? is now variable, the characteristic impedances
Z;(z) and admittances Y;(z) are also functions of z, so the associated transmis-
sion lines are non-uniform.? On elimination of 7} and T} from (3.62a), (3.62b)
and (3.62c), (3.62d), respectively, one finds that the modal Green’s functions sat-
isfy the following second-order differential equations [note from (3.51c, d) that
K2 (2) = we(2), K(2) Z0(2) = wp(2)]:

[D2(2) + K2(2)]Y](2,2) = —jwe(2")6(z — 2), (3.93a)
[Dz(z) + k222 (2,7) = —jwu(2)d(z — ), (3.93b)

where J 1 d
D2(z) = a(z)ia(z) o a =g or [ (3.93¢)

The boundary conditions at the endpoints of the transmission line are phrased as
in (3.65). Note that the E mode terminal impedance is given via (3.62a) and
(3.62b) by [(d/d2)Y{(z,2")] — jK;Y]Y{(2,2')]:,,; the spatially varying charac-
teristic impedance here should not be confused with the terminal impedance
in Section VII. At a junction between two transmission lines with parame-
ters ki1(2), Zin(z) and ki2(2), Zia(z), respectively, the voltage and current are
continuous. Thus, from (3.62), Y/(z,2'), [1/e(2)](d/d2)Y/(z,2'), and Z!(z,2),
[1/u(2)](d/dz)Z] (2, 2") are continuous across the junction point.

If the sources are longitudinal, (3.92) simplify and lead to expressions analogous
to those in Section VIII. In fact, one obtains expressions similar to (3.86):

0
N o ! AN 0 " /
E(r,r") = 70e () LyG'(r,r") — MLy G" (v, '), (3.94a)
H(r,v")=J'LiG'(r,7") + LOL G"(r,7") (3.94b)
) 1 ) ]w,u(z) 2 ) ) .

where

9 Although the waveguide region is geometrically uniform in that successive geometrical cross
sections transverse to z are identical, an electrical non-uniformity is introduced by the longitu-
dinal variability of the medium constants. Consequently, the network representation involves
non-uniform transmission lines representative of the z behavior of a typical mode.
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' 1 / !

G (7' ng ZY 2 Z ¢Z ( ) - jws(z’) vt2<5ﬂd, (3953)
" n o 1 ” , . ol ,

G(r,r') = mzz (z.2)eulp) Vi (p) = W( e D

The differential equations for the scalar Green’s functions G’ and G” are now in
view of (3.93):

[Z2(2) + Vi+ K ()]G (r,7) = —=6(r — 1), Kk (2) =w’u(2)e(2), (3.96a)
(22(2) + Vi + kK (2)]G" (r.7") = =6(r — 7'), (3.96D)

where

P2(z) = a()aﬁ%aﬁ

It may also be verified that the Green’s function G'(r,7')/1/e(2) satisfies the
wave equation with the modified wavenumber k(z):

(3.96¢)

V2 + 152(2)}@(’6"’:)/) _ _‘5(&;(7’;), R2(2) = k2(2) — \/g(z);lz?\/j(iz) (3.97)

with a dual relation applicable to G”(r,r')/+/u(z). Corresponding equations for
< and . follow on use of (3.95). The conditions satisfied by G’ and G” on
the transverse and longitudinal boundaries of the region are the same as those
deduced in connection with (3.88) and (3.89). These boundary conditions, in con-
junction with (3.96), render the specification of G’ and G” unique. The modal
representations in (3.95) constitute solutions for G’ and G” and are directly de-
ducible from a z-transmission analysis. Alternative representations of the solution
for G’ and G” can also be constructed.

All the above relations reduce to those in Section VIII when € and 1 are constant.

X Network—Oriented Formulation of the Characteristic
Green’s Functions

In the Sturm-Liouville (SL) problems discussed in Sect. VI of Chapter 2, which
culminated with the formulation of the SL eigenvalue problem via characteristic
Green’s functions (Chapter 2, Section VI.3), the Green’s functions (GFs) could
be taken to represent any generic scalar field variable. Because of the emphasis
in this volume on the connection between fields and networks, it is appropriate
to relate the generic GF's to the source-excited modal voltages and current GF's
used in network analysis. These V;, I; GFs are defined by, and propagate (along
the rectilinear coordinate z) according to the modal transmission line equations
(3.51a-3.51d), where u — z represents a rectilinear coordinate.



94  Wave-Guiding Configurations, Ch. 3

For the general case where the ambient medium has a z-dependent permittivity
e(z) and permeability p(z), the second-order SL type differential equations result
on elimination of either the V; or I; from (3.51a, 3.51b) with (3.51¢, 3.51d). If the
current GF I; is eliminated via (3.51a), one sets v; = 0, 4; = 4;,(2') = d(z — 2),
ie.,

_%Zz’z,) = jk:(2)2()1(z, 2), (3.98)
_% = jk.(2)Y (2)V(z,2') — (2 — 2), (3.98D)

where Z(z) = 1/Y(2) and k,(z) are the characteristic impedance and propaga-
tion constant. For an H mode transmission line with distinguishing double-prime
superscripts one has k7 Z" = wp, (see (3.51d)) whence this format is preferred
for the H modes. Thus, the corresponding SL equation for V”(z, ') has the form
(2.127, 2.128):

d L d 25(2) — b Mz, 2 = —jw z—2 a

{dz L](z)dz] + koe(2) ﬁ(z)}v (2,2) Jwhod( )s (3.99a)
where k2 = w?ppgo and

i(z) = %, £(z) = %z), (3.99Db)

o and g representing convenient reference values for the thus normalized perme-
ability and permittivity, respectively. Upon comparing (2.127, 2.128) and (3.99a)
one makes the identifications:

1

p(z) = w(z) = ) q(2) = —k2&(2), K2 = -,

V,,(Za Z,) = jwuog;’(z, Z/; )‘Z> (3100)

The H mode current Green’s functions (GF) is now obtained from (3.98a). The
boundary conditions in (2.129) become via (3.98a) and (3.100)
I ‘p(dg”/dz)

VT g (3.101a)

— —
and defining the terminating admittances Y7 and Y7 at z; and 2 (as looking
toward the terminations):

oo L) gm o gy D)

_ = = 3.101b
Vi(z1,2")  wio’ V"(z9,2'")  who ( )

Concerning the behavior of V}"(z, z’) and I}'(z, z') across the point current source
at z = Z/, one observes from (3.98a) that V}” is continuous at z’, because its
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derivative there is bounded. On the other hand, from (3.98b), the derivative of I}’
gives rise to the delta function 6(z—2), implying that I}' has a jump discontinuity
across z = z'. Thus,

2+ A _
2—A

VN(Z, Zl)

0, A— 0, (3.102a)

while the discontinuity in the current is given by

2+ A o

"z, ), =1 (3.102b)
and the corresponding conditions on g are
Z+A d 2+ A
922,250, =0, p(z)%g;/(z, 2L =1 (3.102c)
I(2,2")
Z(z)
— —
V(2) O| v Y (2)
k.(2)
21 4 )

Fig. 3.2. Non-uniform modal transmission line excited with a unit current gen-
erator.

— 1(z7)
r—l\ —
Z(2) T
— < | —
Z(z) ! V(z, 2 Z ()
k(o) i (2,2)
[

Fig. 3.3. Non-uniform modal transmission line excited with a unit voltage gen-
erator.

The network schematization of these relations is shown in Figure 3.2.

By considerations dual to those employed above, one notes from (3.51c¢) that
ki(2)Yi(z) = we(z) whence this property favors evaluation of the E mode current
GF I;(z,7'), defined via (3.51a),(3.51b) with ¢}(z) = 0. The resulting E mode
equations can be written down directly by making the following duality replace-
ments in (3.99a)—(3.102):
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V' 1" 1"V, peg pee, Kok, Y—-2ZL ¢ —4¢.
(3.103)
The corresponding network schematization is shown in Figure 3.3. The construc-
tion of the voltage and current Green’s functions can be performed directly from
Sect. (VI.2) of Chapter 2. For the H mode Green’s function (GF) ¢/'(z, 2’) we re-

place the functions f (z) and f (z) by the functions <V(z) and V(z)7 respectively.
Both sets of functions satisfy the source—free Sturm-Louiville (SL) equations as
well as the boundary conditions at z; and zs, respectively. It then follows from
(2.187) that,

N
/(e = LED V() (3.104a)
—-pW(V, V)
with the Wronskian given by,
AV —dV
— — — —
= — -V —1. .104b
W(V,V) (V o de> (3.104b)

«— —
It is sometimes convenient to normalize the solutions V (z) and V (z) to unity
at a particular point zg in the interval z; < zg < 25. This defines the following
solutions of the source—free SL equations:

«— —
Vs = LB T ) = L3 (3.105)
V' (20) V (20)
with the corresponding Green’s function solution
«— —
gl(z, 2 \,) = V(Z<’ZO)V(Z>’ZO), (3.106a)

i <~
Jwo Y (%)

where 7(20) denotes the sum of the admittances seen looking to the left and
right from zg:

— = ; — o) — ?(Zo) 7(2'0) = 20) = p ?
Y (20) = Y (20) + Y (20) V() + V() Ta) =25 @
(3.106b)

Note that all the functions on the right-hand side of (3.106b) are A—dependent.

The construction of the modal completeness relation (delta function representa-
tion) via the characteristic Green’s function method can be performed for the
network-oriented GFs, yielding for the H mode problem (upon exhibiting the
A—dependence),
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A0z — &) = — 271U 9"(2 20 dA = Z% () (3.107a)

1 [V NV A
_ L f Vi)Vl ) (3.107D)
2nj Je Jwpo Y (20, A)

v v 1 d\
(2<, 205 Aa) g » 205 “)7f (3.107¢)
= —jwno(0/00) Y (20, 0a) 275 Jo A=A
V(ZZ')\)V*(Z/Z')\) “— —
_ s <0y N s “05 N , Y = ] B. (3107d)

= wino(/0M) B (20, M)

The resonant condition determining the eigenvalues A, (poles in the complex A
plane) is given by

R rd
Y (20, Aa) = 0. (3.107e)
The normalized mode functions 1/3(’;(2) are therefore given by
A 1
o = <‘7(2, 205 Aar)- (3.107f)

Vr0(0/07) B (20, Aa)

A typical contour of integration in the complex A plane is sketched in Figure 3.4.

RPY

Fig. 3.4. Contour of integration.

Again, as before, the corresponding constructions for the E mode Green’s func-
tions can be carried out in a similar (dual) fashion via (3.103). Thus, the E mode
characteristic Green’s function ¢’ (z, 2’; A,) is given by:

— —
I (z<,20) I (25,20) —

gz, 25 \) = Z (%) = Z(20) + Z (%),  (3.108)

. >
Jjweo Z (z0)
where the primes, distinctive of the E mode problem, have been omitted from
Pl

= —
I and the total impedance function Z (xg). The eigenvalues A, are specified
implicitly by the resonance equation
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RPW
Singularities of g,
C
S i )
Cy
w R A\
Singularities of g,
(branch point and branch out)
(a)
RPW

Singularities of g,

Singularities of g,
(simple poles)

(b)

Fig. 3.5. Contours and singularities in \,, A, planes.

7 (20, 0) = 0, (3.109)

and the delta function can be represented in terms of the E mode eigenfunctions
d,, as

g(2)0(z — ') = — 271T] g.(z, 2 0,)d\ = Z@) &* ()

— —
_ v LA )L(z 0 de) P (3.110)
o~ wee(0/0N) X (xg, Am)

Thus, the discrete orthonormal E mode eigenfunctions &, are given by

1
\/wgo(a/m X (20, \a)

An alternative approach is based on modal reflection coefficients instead of modal
impedances. The transmission line relations for this z-dependent medium are

Qﬁ 7(2,20; A), 27 <2< 2. (3.110a)
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— —
V() =Vi)+V_(z) =V 1+ Ty)=V_(1+ I'y), (3.111a)
()= L)+ (2)=I,(1+ T 1) =I(1+T), (3.111b)

where the subscripts ;. and _ on V or I denote wave components traveling in
—

= =S
the 42 and —z directions, respectively, and I'y (I';) are the voltage (current)
reflection coefficients seen when looking along the £z directions:

F = I'y=->+. 3.111
T I (8-111c)
If Z) =V, /I, denotes the input impedance of a matched transmission line looking
«—
in the +z direction, and ¢ = —V_/I_ represents the input impedance in the —z
direction, then
— —
F]:—:FV7 FI:_:FV, (3112&)
¢ ¢
and
1+ Ty(z) 1+ Ty(2)
— — viz A= e <
Z()= gt 7=t (3.112b)
2z 1— 5%
o 1 vi) o Tvi)
Conversely,
Ze) Ze)
— — B
Ty(z) = 2B Ty(z) == (3.112¢)
Zo) 4y Ze
Tk ¢(2)
The transverse resonance relation
Z(2)+ Z(2) =0
becomes _
Ty()Ty(z) =1=T1(z)T1(2). (3.113)

The above traveling-wave formulation leads to a set of eigenfunctions alternative
to that in (3.110).

X.1 Alternative Representations

The theory of alternative multidimensional Green’s function representations is
based on use of the one-dimensional characteristic Green’s functions. For uniform
waveguide regions describable in a (p, z) coordinate system the two-dimensional
eigenfunctions @;(p) are of the form

gpl(p) = @Dé(u)@ﬁ(v)’ p= (u,'u)7 (3114)
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where @,(u) and @g(v) are one-dimensional orthonormal functions in separable
u and v coordinate spaces transverse to z. The two-dimensional completeness
relation involving @;(p) is:

N O(u—u)o(v—1)
S(p—p) = ( hh( Z@ (3.115a)

= o (u)P(u/ qug V)P4 (V) (3.115b)
a 8

where the curvilinear metric parameters h,, and h,, in (3.115a) are defined via the
relation dS = h,h, dudv, and dS is an area element in the cross section. Then
from the above equation applied to the u-dependent functions,

S(u—u) Py, (u)P5, (v')
ZQ) 271']27{ PV —)\ dh

= _%j A Gu(u,u's Ny) d, (3.116)
where @, = @,, g, is the characteristic Green’s function associated with the
eigenvalue problem in the v domain, and the contour C, in the complex A, plane
encloses in the positive sense all the singularities (poles or branch points, with
associated branch cuts) of g,. The less general first representation in (3.116),
involving the discrete or continuous sum over the eigenvalues ), is obtained by
evaluating the contour integral in terms of the singularities of g,. The analogue
of (3.116) for the v domain is

/.
Z ¢B éﬁ - 27[-,7 c, gU(U7 v ) )\U) dAv (3117)

with C, defined similarly to C, leading to the most general, two-dimensional
completeness relation

1 1
Sp—p) = |—— W, Ny dhy | | —=— (0,05 M) dX, 11
p=#) =[5 § awuirg ][~ § awriagan] Eisy)
1
B W?f %1, gu(%“l;)‘u)gv(“avl; )‘v) dAy dA,. (3'118b)

When the eigenfunctions in (3.116) or (3.117) are used to represent a three-
dimensional Green’s function in (u, v, z) space, one obtains

Z P4 P)g-(2, 2" Xsi). (3.119)

The z-dependent modal Green’s function g, satisfies a one-dimensional equation
obtained after elimination of the (u,v) dependence from the corresponding three-
dimensional equation via (3.115a) and (3.115b). On comparing (3.115), (3.118a),
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and (3.119), one notes that the three-dimensional scalar Green’s function G' can
be represented in terms of the one-dimensional characteristic Green’s functions'®
gu, and g,, and the modal Green’s function g., as follows:

G(r,r') = (727;])2 fﬂ 7{1) Gu(w, u's M) g (0,05 0,) g2(2, 25 X)) dAy dAy. (3.120)
The contour C,, in the complex A, plane encloses in the positive sense all singular-
ities of g, but no others, while the contour C, in the complex A, plane encloses in
the positive sense all singularities of g, but no others. Additional singularities in
the A, and (or) A, planes arise due to g,(z,2’; A,); it is recognized that generally
A = A.(Au; Ay), where the detailed dependence of A, on A, and )\, is dictated by
the particular coordinate representation in the u, v domain. For example, with
A, = kP2 = k% — k2, we have

A=k ==\ for rectangular coordinates u = z, v =y, (3.121a)

whereas in cylindrical coordinates, with k2 = p* — A,

A, =k*— )\, for cylindrical coordinates u = p, v = ' (3.121b)

The contour integral representation in (3.120), involving the one-dimensional
Green’s functions gy, ¢,, and g,, can be considered as the most general separable
representation for the three-dimensional Green’s function G. Upon evaluating the
contour integrals in (3.120) in terms of the discrete and (or) continuous spectra
arising from the pole or branch-cut singularities, respectively, of g, and g,, and
noting that g, has no singularities inside the contours C, and C,,, one recovers the
original z-transmission formulation in (3.119). Different representations are also
obtainable by contour deformations in the A, and A, planes. Typical examples
wherein g,, ¢,, and g, have singularities in the A\, and A, planes are shown in
Figure 3.5. The functions g,, g, and g, are so defined as to vanish sufficiently
rapidly at infinity in the A, and A, planes. This is achieved by an appropriate
choice of branch cuts on Riemann surfaces, associated with any existing branch-
point singularities of the g functions, so as to result in negligeable contributions
to the integral in (3.120) from closed contours as |\,| — oo and |A,| — oco. The
path C, in Figure 3.5a can therefore be deformed into the path CJ enclosing the
singularities of g, in the A\, plane, to yield

10 As pointed out in Section 3.3a of reference [14], the modal and characteristic Green’s functions
differ only in that the parameter A is specified for the former (A = );), but unspecified for
the latter.

11 In this case, g, = g, depends also on A, so one should write g, — gy, (u, u'; Ay, Ay). Thus, g,
has singularities in both the A, and A, planes, while g, has singularities in the A, plane only.
Only the singularities of g, enclosed by the contour C, in the complex A, plane contribute
to the modal representation for G as in (3.119).
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G(r,r') = 27” ]{,f Gu(u, ' ) g0 (0,05 M) g2 (2, 25 AL) dA, dX, (3.122a)
= Z@ﬂ V)P (v Z@ Auryss (3.122b)

where the modal representation in (3.122b) is obtained upon evaluating the inte-
grals over the contours C;, and C, in (3.122a). The &,(z) denote the eigenfunc-
tions in the z-domain arising from the eigenvalue problem associated with g,, A,
being the characteristic parameter.’? In (3.122a), g, and g, are now characteris-
tic Green’s functions, while g, is a modal Green’s function wherein A, takes on
the values specified along C!. Because of the explicit presence of g, (u,u'; A\yg)
in (3.122b), one identifies this representation as arising from a guided-wave anal-
ysis in which the transmission direction is taken along the u coordinate.
Alternatively, one may deform the contour C,, into the contour C} in the complex
Ay plane as shown in Figure 3.5(b) to obtain

AN 1 /. /. /.
G(r,r'") = (=rne 7{” 7{/ Gu(t, u'; M) g (0,05 0)g2(2, 25 A2) dAy, dAy, (3.123a)

= ®.(2)P ng w)P% () g (0,05 Aysa)- (3.123Db)

The modal representation in (3.123b) is derived by considerations analogous to
the above and is identified as a v-transmission formulation. The @4(z) are the
eigenfunctions in the z domain arising from the eigenvalue problem associated
with ¢, as the characteristic Green’s function and A, as the characteristic pa-
rameter. Additional representations are possible wherein, for example, only the
integral C,, in (3.123a) is evaluated in terms of the mode spectrum in v while the
integral C! remains unchanged. It is to be emphasized that all of the above al-
ternative representations are to be considered as formal in that the deformability
of contours must be verified in each case.

For a radial transmission formulation, as in (3.121b), g, is not a function of
Av; instead, ¢, is a function of both A, and A,. Now, the contour C) encloses
the singularities of g, in the A, plane, with A,. treated as a fixed parameter.
Moreover, one notes that

d d Ay
P+ )\up - ) Gu\ P, pl§ Aus Ay) = =0 p— Pl ) 3.124
(505 ) gl )= —so—s). (3120

whence instead of (3.123a),

12 For non-Hermitian problems with complex eigenvalues, the spectral representation involves
the symmetric form wherein @3 (2') is replaced by @, (z), or more generally by an “adjoint”
function @.,(z").
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1
G(r,r') = W f/ j{/ gl (s My M) g (0,05 M) gL (2, 25 K2 — Ay) dAy d.

(3.125)
Equation (3.123b) still applies formally, except that ®s(z) are the eigenfunctions
in the z domain arising now from the eigenvalue problem associated with g, in
the A, plane, while @, (u) are eigenfunctions in the u domain arising from the
eigenvalue problem associated with g, in the A, plane (in the latter, A, is held
fixed at the eigenvalues arising from the eigenvalue problem in the z domain).
As for (3.122b), the remarks concerning the form of the spectral representation
apply here as well.
Alternative representations for Green’s functions in spherical regions are con-
structed in a similar manner. On defining radial and angular characteristic
Green’s functions g,, g4, and gy, one may rewrite the E mode Green’s function
in the following forms:

357 25 Pa(D)P5(d) $c, 90(0,0'5 5% Xo) g (75 Ng) dDa,
2
L) o, $o, 966,05 X6) 00 0.8 203 Mgy (1,13 M) dAg D,

rr'G(r,r') = <_Fj
+357 2.5 Pa(O)P5(D) $e, 90(0.0'5 8% Xo)gi (7,775 Xg) d o,

o5 Pa(A)P5(8) 2o, Rs(r)R(r) g0 (0, 0': 5% Ns),  ete.

(3.126)
The dependence of gs on the two parameters A\, = 2 and A\g = p(p + 1) has
been exhibited explicitly, and Cy, C,, and Cy denote contours that enclose in the
positive sense all of (and only) the singularities of gy, ¢, and g, in the complex
Ao and A, planes, respectively. The third equation of (3.126) follows from the first
of (3.126) by contour deformation about the singularities of g,, and the fourth
of (3.126) results by evaluating the integral in terms of the radial eigenfunctions
R,(r) and the adjoint functions R(r):

r25(r —1') = L?ﬂ gr(r, s ) dX\ = Z Ry(r)Ry(r"). (3.127)

27y

In addition to Section 1.5 of [14], detailed applications of the characteris-
tic Green’s function method for construction of alternative representations for
G(r,r") may be found in Sections 5.6a, 5.7b, 6.7 and 6.8 of [14]. Directly analo-
gous considerations can be applied to the scalar function .#’ defined in (2.3.24)
or (2.3.39) of [14], in which case an additional pole singularity exists in the com-
plex A, and (or) A, plane because of the presence of the 1/kZ factor. Although
the examples above involve primarily the electromagnetic E mode problem, con-
struction of the electromagnetic H mode Green’s functions proceeds similarly.
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Y
Eil [Sp)
x
—d 0 a
Fig. 3.6. Example of rectangular regions (bounded in z) partially filled with
dielectric; a PEC is present at x = —d, x = a.
Yy Ys
Q|
K1 R2
r=—d i 0 a
(a)
Y Y,
Q|
K1 Ko
r = —d 0 ! a

(b)

Fig. 3.7. Equivalent transmission line representations for TE modes along .

XI 1D Characteristic Green’s Function and Eigenfunction

The characteristic Green’s function (GF) method for solving eigenvalue problems
in closed and open regions is now applied to composite rectangular cross sections
(for cylindrical and spherical cross sections see [14], Section 3.4c). We shall deal
only with closed rectangular geometries in order to illustrate the procedure. For
open regions characterized by unbounded z—domains extending to co, —oo, or
both, see [14].

We consider the composite cross sections shown in Figure 3.6, which are all
characterized by the same one-dimensional eigenvalue problem in the x domain.
The various media contain a piecewise constant lossless truncated dielectric
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I\

Fig. 3.8. Complex A-plane singularities and integration contour.

Y

€il Sp)

—d 0

Fig. 3.9. Example of rectangular regions (semi-infinite in x) partially filled with
dielectric.

3\

C ~
_h —6—.—‘““IIIIIIIIlIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII—> m )\

branch point

Fig. 3.10. Complex A-plane singularities and integration contour.
€1, —d<x<0
e(z) = , € > 6 (3.128)
€, 0<r<a

which leads to a discontinuous representation of the eigenfunctions. The eigen-
value problems in the y domain are those appropriate to a homogeneous medium.
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Y

Eil [Sp)

0 a

Fig. 3.11. Example of rectangular regions (semi-infinite in x) partially filled with
dielectric.

SO

>
I

Fig. 3.12. Complex A-plane singularities and integration contour.

Y

€1 €2

0
Fig. 3.13. Example of rectangular regions (infinite in x) partially filled with

dielectric.

A constant, free-space permeability pp is assumed, so fi(z) = 1 in (3.99b), and
the surfaces at * = a, —d are assumed to be perfectly conducting.

H Modes (in x)

The network configuration descriptive of the H mode characteristic GF problem is
shown in Figure 3.7, where we distinguish between source locations in media 1 and
2, respectively. The relevant propagation constants and characteristic admittances
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are denoted, respectively, by k1 = k1, Y1 and kus = ko, Ya. From (3.100), with
=1, it is noted that the homogeneous equation defines standing-wave functions

c and s,
d—z K (z () = a
{d.rQ + K( ,)\)] {s(x)} =0, (3.129a)

where

Ko A) {@(A) =k 4\ —d<z<0

.k = wlgers > 0. (3.129b
kAN =K+ ) O0<z<a b2 o ( )

The solutions are

1
c(z) = coskiz, s(r)=—sinmz, —d<z<O0,
’{11 (3.130)
c(x) = cos kax, $(x) = — sinkayx, 0<z<a.
Ra
— —
Since Y 1+ = 0o = Y ¢ for the perfectly conducting terminations at x = —d, a, it
follows from (3.106b) that
— . «— )
wioY (0) = —jracot kaa, wpY (0) = —jky cot kid, (3.131)

where x/wpp is the H mode characteristic admittance. Thus, from (3.105)

= sin ko(a — x)
% =T 0<z<aq,

7(95) _ _}2(‘76) sin Koa r=a (3.132a)
Vi(z) = coskixr — Z—f cot kea Sin K12, —d<z<0,
—

(V( ) Va(x) = cos ko + % cot k1dsin Ko, 0<z<a, ( b)

x) = g 3.132

Vi(e) = S0l +d) Cd<z<0

sink;d
For subsequent application it will be convenient to employ the traveling-wave
formulation:

1 N |
e [ TH(0)e ), 0<z<a, (3.133)

Va(z) = 1+ T(0)

where the reflection coefficient ?2(0) looking to the left at x = 40 is given by

-
Yoo — Y (0 ] tr1d
?20 _ Yoz <_():Hz-l-j‘/ﬂco K1 7 %Qzﬂ. (3.134)
Yoo + Y (0) K2 — jhacot K1d Wit
The H mode characteristic Green’s function ¢”(z,z’; A) can now be written down
R d
directly from (3.106a). In view of the discontinuous representation of V (z) for
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x > 0 and z < 0, ¢" is represented discontinuously about x = 0. For a source
location as in Figure 3.7(a),

Vi(a )V

(_jwllol/ (0)
V(@) Vy(x)
jwie Y (0)

, —d<r<0, —-d<ua2' <0,
g"(z,2'; \) = (3.135a)

O<zr<a, -—-d<iz <0

whereas for the source location in Figure 3.7(b),

V(@) V(2!
Va@) Vo), —d<z<0, 0<2a' <a,
Jjwiio Y (0)

" /
Sty = JrY ( (3.135b)
Kik&;@ﬁ, O<z<a 0<2'<a.
Jwio Y (0)

Equations (3.135) can be combined in the single formula

§'(z, 2 \) = M Y (0) =Y (0) + Y (0), (3.136)
Jwpo Y (0)

where the subscript {2 stands for 1 or 2 if the corresponding variable  or 2’ lies
in the range —d to 0 or 0 to a, respectively. To assure that the solution for ¢” is
unique, the restriction i\ # 0 (i.e., ik? # 0, ik3 # 0) is implied.

The sing{u_l)arities of ¢” in the complex \ plane consist of real simple poles at the
zeros of Y (0). Although ¢” is a function of & 2, and, from (3.129b),

K12 = \/A+ ki, (3.137)

—
no branch-point singularities exist at A = —kig, since ‘79, <?>(O) and therefore
g" are even functions of k5 [see (3.131)-(3.133)]. Thus, a power-series expansion
about k1 = 0 or ky = 0 comprises only integral powers of x2 or k3 and hence
integral powers of A, so the regularity of ¢” in the neighborhood of the points
A = —k{ , is assured. From (3.131) the zeros A, of ?(0, A) are specified implicitly
by the transcendental equation

kg cot Koa = —kK1 cot K1d, (3.138a)

2=+ =)\ = X+ = +h, h=kE -k >0. (3.138b)

For real values of k; and ks (i.e., A > 0), (3.138a) has an infinite number of
solutions to be denoted by K1, kam (only positive roots ki, and kg, need be
considered since negative values leads to the same \,,). For imaginary values of
k1 and Ky (A < —h), (3.138a) becomes
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|ko| coth[|ke|a] = —|k1| coth]|k1|d], k1, ke imaginary. (3.139a)

Since the left-hand side of (3.139a) is positive while the right-hand side is negative,
no solution exists. However, for real x; and imaginary ks (—h < A < 0), (3.138a)
can have roots K1, |Kay|:

€2

r, cotr, = —t, coth (gt,,) , it =hd* = <1 — > (kyd)?, (3.139Db)

€1
where
K =71, >0; |ko|d=t,, ko, imaginary. (3.139c¢)

The spectral representation of the delta function is now obtained by integrating
the characteristic Green’s function ¢” in (3.136) along the contour C' shown in
Figure 3.8 enclosing all singularities:

1

Sz —a') = T g (z,2'; X) d), (3.140a)
c
=S oo + St < {1} <o
’ " (3.140D)

where the contributions for —h < 5\,, < 0 and 5\m > 0 have been exhibited
separately. From (3.107f) and (3.132) and (3.133) one obtains, for the orthonormal
eigenfunctions v, and V0,

1 sinfr,(z/d +1)]

Uy (z) = 1 : . 0<r,<Vhd, —d<z<0, (3.141a)
y sinr,
N 1 sinhlt,a(l —x/a a
ua(z) = T [sinh((t ) / )], a=-, 0<z<a, (3.141Db)
where
g d th(t,
A= w#oaT?(Q A) = 3 Coti(Qa)th +cesc?r, —acsch®(t,a)| . (3.141c)
v vy
Similarly,
n 1 i m d
Y1 () = T%’ Kim >0, —d<z <0, (3.142a)
1 sinkom(a — x)
R A, sinkoma
Yma(r) = L [emmz . T“m(o)‘j"zmz} | Kom >0, 0<z<a,

(3.142b)
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with
1 2 1
g {(1 + a) + <:;m + a> cot? Kipmd
2m
h
5 +m cot Hlmd:| s
A2 = WMOT(g(O, )\m) =
" d Ii%m 2
B (14+a)+ KT"'O‘ cot” Koma
im
_W cot Koma| -

im

(3.142¢)
Equations (3.141) and (3.142) reduce to the special case of a homogeneously filled
waveguide when (a) h = 0(g; = €2), (b) d = 0, or (¢) a = 0. Attention should
be called to the different behavior of the eigenfunctions 4, () in (3.141) and
U () in (3.142). While ¢y, () is represented by an oscillating function over the
entire region —d < z < a, 1@,(1’) behaves in this manner only in the dielectric ey,
(note: £1 > &). In the remaining interval 0 < z < aq, 1&,, decays away from the
interface x = 0. Viewed in modal terms with respect to propagation along z, the
fields corresponding to the Q/A),, are essentially confined within the dielectric slab
while the fields derived from the 1ﬁm fill the entire waveguide cross section. The
former are termed “trapped” modes and their existence depends entirely on the
presence of the dielectric; the latter may be regarded as perturbations about the
dielectric-free case.
E modes (in z).
The solution for the E mode characteristic Green’s function ¢'(z,z’; \) and the
associated orthonormal eigenfunctions is similar to the above except for duality
replacements [see (3.108)—(3.113)]. The results are summarized below.
Characteristic Green’s function

— —
1 1
oo = L) Leles) 20 F0 L Z0) (3.143a)
Jweo Z (0)
Standing-Wave Functions
c(x) = coskiz, s(x)= L Gin kz, —d<z<0,
K
51 (3.143b)
o(z) = cos kaw, s(z) = —sinkez, 0<z<a,
Ra
w507(0) = j@tan Kod, wEO(Z(O) = j@ tan kid, €12 = 2 (3.143c)
9 €1 €o

KT =ki+ X\ Kk3=k;+ A\ (3.143d)
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- €1k .
I1(z) = coskix + —— tan koa sin K1z
E9R1
—d<x<0,
Na (2) cos ky(z + d)
(1) = —————
cos K1d
— cos Ka(a — )
I 2(1) i —
COS Kol
_ 0<z<a.
- E2R1 .
I 5(x) = cos kox — —— tan kid sin kox
E1R2
Singularities of ¢': Simple real poles at
€1
— Kom tan Koo = —Kip tan Kind,  Kim, Kom > 0,

€2
and at

3 a
2y, tanr, =t, tanh(t,a), 72412 =hd* o= 7 h=ki—kj,
€1

kd=1,>0; |ky|d=1t,, Ko imaginary.

(3.143¢)

(3.143f)

(3.144a)

(3.144b)

Equation (3.144a) has an infinite number of solutions and (3.144b) has a finite

number. The low-frequency cutoff found for the H mode solutions 1/31, is absent in

the E mode case.

x
Delta-function representation (d < { ,} < a),
x

g(x)o(x — ') = _%j Cg’(:Jc, 2’5 A) dA

= Z éyﬂ(x)qgig(:ﬁ/) + Z émn(iﬁ)@fng(xl)v

with the subscript {2 defined as under (3.136), and

- _coslr,(z/d+1)]

G(x)= —2A— T A 0<r,<Vhd, —d<z<0,

A, cosr,

. cosh[t,a(l — z/a)]

@V = ) ’

2(7) A, cosht,«a O<z<a
J < d [tanh(t,«) sec’r, «
A% = X (0,\) == | —Z—=hd* + —~ + —sech?(t,

v Y00 (0.A) =3 12t A (

(3.145a)

(3.145b)

(3.145¢)

a) )

(3.145d)
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while
- o8 Kim(z + d)
P =— >0, —d<z<0, 3.145
ml (I) A, cos fynd y  Rim , x ) ( e)
- COS Ko (a — )
Do) = —————=, mw>0 0<z<a, 3.145f
2(7) A,, COS Ko 2 r=a ( )
2 a &1 1 KZ% D) 1 2 h
Al =— | =+ —+ | 5= + — | tan® kyd — ————tan ki, d| . (3.145g)
28, &2 « K3m€l O AK1m b3,

The physical distinction between the mode fields corresponding to the &, and

ng is the same as discussed in connection with the H modes.
Employing (3.145a), one may represent a suitable function F'(x) in the interval
—d < x < a as follows:

F@g_/iig?dfm@xqm'

Zy fuéul(l’) + Zm fm¢m1(1)7 —d<x S 0, (3146&)
T\ £Bal@) + Sy fnbra(a), 0w <a,
where
Jo= ?11/ F(@)Pia(a') da’ + */ D, (2') da, (3.146h)
I 1 )
=z / F(2)®,(2) da’ + = F(I')@;Q(I’) dz, (3.146¢)

and the asterisk denotes the complex conjugate.

Semiinfinite x domain

As a — oo in Figure 3.6, one obtains the open cross-section configurations in
Figure 3.9. The eigenfunctions appropriate to this case can be obtained as a
limiting case of those for finite a.

H modes (in x) (a — 00). As a — oo, the resonances ki, and Kgy, in (3.138a),
with kg, > 0, coalesce into a continuous spectrum, while those in (3.139b) remain
discrete and satisfy the equation

r,cotr, = —t,, r24+t2=hd*, asa— oo, (3.147a)

Moreover, from (3.141c),

2
Az, dhd <1 + tl> , (3.147b)
r v

v
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while, from (3.142¢),

A2 - ar=2 (1 n %coﬁ §1d> - 20 . (3.147¢)
2 § lq+ I'2(&,0)][1+ I'5(,0)]

where ?2(5 ,0) is given in (3.133). In the last equation the continuous variables
& and € have been defined as the limiting values of k1, and ko, as a — oo:

Kom — &, Kim — & =& +h, 0<E<o0, a— oo (3.147d)

Upon noting that the increment between successive resonances, A&, = {ne1 —
&m — m/a as a — oo, the continuous limit in (3.140b) yields

Sw—1) = S dhol@)diol@) + / " Dol 2 (e, o) de,

(3.148a)
T
—d<{ ,}<oo, =12,
T

where, in view of (3.141), (3.142), and (3.147), one has, for the discrete spectrum,

1 sinfr, ((z/d) +1)] .

, 0<r, <Vhd, —d<z<0, (3.148h)
A, sinr,

12)1/1 (I) -

1[)1,2(:16) = Aie_t"z/d, 0<z<oo. (3.148c)
As in (3.136), 2 = 1 for & or 2’ between —d and 0, while 2 = 2 for = or 2
between 0 and oco. Just as in the closed region, the magnitude of 7/;,/1 oscillates
while that of 1,5 decreases exponentially for x > 0. Thus, the field of such a mode
is confined again to the region —d < z < 0 occupied by the dielectric ;. Modes
traveling in the z direction with this transverse field behavior are characterized as
“trapped waves”, or “surface waves”, since the field appears to be trapped inside
the dielectric with the larger permittivity and guided by the dielectric surface.
For the continuous spectrum,

(6, x) = W[l 70,6, 0<&<oo, —d<w<0, (3.148d)
Dol 7) = \/%[ejfz + T5(0,8)e7], 0< < oo, (3.148¢)

where
T2(0,6) = § 1 56 cotbrd E=h+=k -k)+&. (3.148f)

£ —j&icot&d’
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The traveling—wave representation for i, derived as a limiting case of (3.142D),
has a significant physical interpretation. For the assumed time dependence
exp(+jwt), the contribution from the first term inside the brackets in (3.148e)
constitutes a properly normalized (incident) free-space plane-wave mode traveling
in the —z direction, while the second term comprises the wave reflected at z = 0
with reflection coefficient <fg(O,ﬁ). Thus, the continuous spectrum for z > 0 is
obtained by adding to a properly normalized incident wave a reflected wave so
adjusted that the boundary conditions at z = 0 are satisfied.

The delta-function representation in (3.148a) could also have been deduced di-
rectly from the characteristic Green’s function. As a a — oo and since iky # 0,
the standing wave in (3.132) goes over into a traveling wave. In this transition,
the restriction ik < 0 appropriate to the assumed time dependence exp(+jwt)
must be observed and yields the following (bounded) result for z > 0:

Valz) — e gy =1/k2+ A= VA ins <0, (3.1492)

and
Vl(l’) — COS KT — j:—i sinkyz, k= \/A+h, h=k—k. (3.149b)
Moreover, from (3.131),
Y(0) = 22 e jwuoY (0) = jra + Ky cot kyd. (3.149¢)

WHo

-
The <\71,2(3:) are still given by (3.132b). Vg and ?(O) remain even functions of
k1 but not of k3. A = —k? is therefore a regular point in the complex A-plane.
On the other hand, an expansion of ¢”(x, z'; \) about the point A = —k32 contains
integral powers of ky, 50 A+ k2 = A = 0 is a branch point of order 1. If we define

A=A, VA= |VAje?, (3.150)

the convergence requirement i\/i < 01in (3.149a) restricts the argument 7 to the
range 0 > v > —27. To impose this condition on the entire top sheet, the spectral
sheet, of the two-sheeted complex A plane, one chooses a branch-cut along the
positive real axis as shown in Figure 3.10.
The Green’s function ¢” may also have relevant pole singularities at the zeros of
?)(O)7 namely when

jliz = —Kj cot Iild. (3151)

Solutions of (3.15}) exist only for real values of k; and imaginary values of ky =
—jl|ka| (i.e., 0 > A > —h), leading to the transcendental equation (3.147a). The
location of possible pole singularities is shown in Figure 3.10. Upon performing
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an integration as in (3.140a) about the contour C' in Figure 3.10 enclosing all the
singularities of ¢” in the complex A plane, one obtains after residue evaluation at
the poles A, the series in (3.148a), with ¢”(x,2’; \) given by (3.136) and subject
to the modifications in (3.149). The remaining contour integral about the branch
cut can be written as

1 0 R 1 coe™I0 R
J—__— " /. o e /. 152
5] 0Q(ﬁ%g (z,2'; A) dA 577 )i g"(z,x'; N) dA (3.152a)
o
1 ooe N S i .
= "o ), [9"(z,2"s A = k3) — ¢"(w,2"; Ae ™2™ — k3)] dA
1 coe 70
= —fi/ g"(z, 2’ X — k2) dA
T Jo
2. [ N
—-%i [ eeaie -y @ =i (3.152b)
T Jo

The transition from (3.152a) to (3.152b) is based on the property

g (@, 2" Ae2T) = ¢ (z, s NF) = ¢ (w23 N), A= |\e 7, (3.152¢)
satisfied by g¢”. Upon substituting the appropriate representations for g¢”
into (3.152b), one obtains directly the continuous spectrum as in (3.148a).

E modes (in x) (a — o0)
The results for the E mode problem, obtained in direct analogy to those above,
are summarized below:

£(2')5(e — o) = —%j b (a0 i (3.153a)

=S duale)Biol) + [ Baleo)bple s (3153b)
T
—d< $,<oo7 =12,

where, for the discrete spectrum [see (3.148a) for definition of domains corre-
sponding to 2 =1, 2],

by - Al 1)

. 0<r,<Vhd, —d<uz<0, (3.154a)

, 0<z<oo. (3.154b)

51} . (3.154¢)
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Also, r, and ¢, are the solutions of the transcendental equations

?TV tanr, = t,, r2 12 = hd*. (3.154d)
€1

The continuous spectrum is given by

AGHE \/icos&(w[l ~Ta(0,8)], &=h+¢,

cos&id
0<f<oo, —d<z<0, (3.155a)
by(E,2) = \/i[eﬂfm — T5(0,6)e7], 0 < < oo, (3.155b)
Ta(0,6) = 3(0) — Zop _ j&itan&id — £(51/55) (3.155¢)

Z(0) + Zos C jéitanéid + €(61 /)

If d — oo in Figure 3.6, one obtains the semi-infinite configurations shown in
Figure 3.11, which differ from those in Figure 3.9 in that the medium with the
larger dielectric constant (£1) extends to infinity in the x direction.

H modes (in ) (d — o0)

As d — oo in (3.138a), the resonances Kin, ko > 0, coalesce into a continu-
ous spectrum and the second series in the delta-function representation (3.140b)
transforms into an integral analogous to that in (3.148a). However, in distinction
to the case a — oo, the resonance parameters xy,, and |k, | in (3.139b) become
continuous as d — oo. In tracing out the transition d — oo, one employs instead
of (3.132a) the traveling-wave formulation similar to that in (3.133):

— 1 w — )
Vl(x) = ﬁ[e IR 4 Fl(O)ewlz], —d<z<0, (3.156&)
1+ I'1(0)

where the reflection coefficient ?1(0) seen to the right at z = 0 is given by

K1 + JKo cot Kaa

—
r = . .156b
1(0) K1 — JKo cot Kea (3.156b)
Since from (3.141c) and (3.142c),
9 9 2d
Am—>A§1: — — ) d—>OO7 \/E<£1<OO7
[1+ I'1(&, 0)][L+ I'1(&1,0)7]
(3.157a)

with

- _ &+ j§cot&a _ B Y
F1(£1,0)—£17j500t5a, E=1/&—h, h=ki—-k >0, (3.157b)
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and

A2 A2, d—oo, 0<& <V, (3.157¢)
one obtains via (3.140)—(3.142) and (3.156a) the delta-function representation:

oz —2') = /OOO Vo€, )05 (6, 2') d&y,  —oo < {i} <a, =12,

(3.158a)
where —oco < (z or 2’') <0 for 2 =1and 0 < (z or 2') < a for 2 =2, with

1 . .
wl(é-hx) = E[eijglx + ?1(5170)6]&30}’ 0 < 61 < o0, -0 <r< a,

(3.158b)
5 siné(a — x) -
) = ——— 1+ I’ ,0), O0<zx<a. 3.158¢
V2 (&1, ) Vansinga [ 1(&1,0)] ( )
It is noted that & is imaginary for 0 < & < v/h.
To deduce (3.158a) directly from a characteristic Green’s function analysis, one
notes from (3.132) that as d — oo, with ix; < 0 appropriate to an exp(jwt) time
dependence,

Vl(:r) — ™ oo <x <0, (3.159a)
&~ LR
Va(x) — coskax + j—sinkoz, 0<z < a, (3.159Db)
R2
-
wioY (0) = Ky. (3.159¢)

Since ¢"(z, '; A), by (3.136) and (3.159), is an even function of k2 but not of x4, a
branch-point singularity exists at k; = 0 (i.e., A = —k?) in the complex A plane.
In analogy to (3.150), the restriction on the argument of A on the spectral sheet
is

IWA+h <0, ie,—2r<arg(\+h)<0, A=XA+ki=r2  (3.160)

so that the branch cut is drawn from A= —htooo along the positive real axis in
the A plane (see Figure 3.12). To determine possible pole singularities we examine
the resonance condition

jqu?(O) =0 = jK1 + kg cot Kaa. (3.161)

Since (3.161) has no real solution A, on the branch ik; < 03 | no pole singularities
exist, and the contour of integration is that shown in Figure 3.12. Thus, in analogy
with (3.152),

13 The corresponding discrete eigenfunctions, if they exist, must be square integrable (i.e.,
vanish at  — —o0). Since the problem is non-dissipative, any discrete eigenvalues must be
real.
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1 <
§(x—2a') = “omj Cg”(x,x’; A) dA (3.162a)

2 [oe]
= —71/ d&&g" (z, 2,6 — ki), —oo < {I,} <a, (3.162b)
T Jo x

which, upon insertion of ¢” from (3.136), (3.132), and (3.159), yields (3.158a).
E modes (in z) (d — o)
Spectral representation of delta function:

E(')S(x — ) = f%g'(x, N di, (3.163a)
_ /wqﬁﬁ(ghx)qﬁg(ghx’) &, Q=1,2 (3.163D)
0

where 2 = 1 when —co < (z or 2') < 0 while 2 = 2 when 0 < (z or 2’) < a. The
contour C' in the complex A plane is as shown in Figure 3.12, and from (3.145a)
as d — o0,

él(fhx) = ~( %[e—jfll - ?1(517 0)€j€1I]7 0< 51 < 00, —o0o < T < 07

(3.164a)
Dy (&1, ) = @[1 — T, 0)]%, 0<z<a, (3.164b)
= _ jétanfa — & (8/8) . - 2
I'1(61,0) = Etantat b (G’ E=/E& —h, h=k—kI>0. (3.164c)

Infinite x domain

Configurations comprising two dielectrics, semi-infinite in z, are shown in Fig-
ure 3.13

H modes (in x)

The characteristic Green’s function for this case is given

Vole)V
g"(z,2"s)) = —Q.(m<)<_>9(x>) (3.165a)
Jjwpio Y (0)
with
«— )

Vilz)=e™" kI =kl +), ik <0, (3.165b)
Vy(x) = e 2 =k2+ X, iny <0, (3.165¢)

1 . . _
Vi(z) = —— [e%m n ?’1(0)63*“90] 0y =2 (3 166a)

1+ Fl(o) K1+ Ko
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— 1 . — ) — —
VQ(.T) = = eln2® + FQ(O)G_J’QZ 5 FQ(O) = *Fl(o), (3166b)
1+ I'5(0)
Jwio Y = j(K1 + K2). (3.166¢)

Since ¢"(x,2’;\) is not an even function of either k; or ks, branch points exist
in the complex \ plane at A = —k? and A = —k2. The argument of A=A+ k2
is then restricted in accordance with ik; < 0, ika < 0, as follows [see (3.150)
and (3.160)]:

0>argh>—2r, 0>arg(A+h)>—2r, h=k>—k2 (3.167)

with corresponding branch cuts along the real A\ axis. Since g” possesses no pole
singularities on the branch of the Riemann surface for which ix; < 0 and iky < 0,
it is possible to find an appropriate contour of integration. Since the replacement
of A by Ae ™2™ in ¢ yields ¢"* [see (3.152¢)], we may write

1 o
§(z—2) = “oni Cg"(a:, '3 A) dA

2~ \/ﬁ " / 2 2 2~ *© " / 2 2
:—ﬂ/ 61 (x7x;£1—k1)d51——1/ e (@, € — k) de
™ Jo ™ Jo

(3.1684)
Vho ~ oo R
- / o€, )0 (€1 2') déy + / (€, ) (6, ) de,
0 0
—o0<{ b <0
X
(3.168b)

where 2 = 1 and {2 = 2 correspond to —o0 < (z or ') < 0 and 0 < (z or
a') < oo, respectively. For 0 < £ < oo, one has the two mutually orthogonal sets

= cosé&ix
U (& x) = 1= L0 \F , —oo<x<0, (3.169a)
& > siné
&
. coséx
(€ x) = 1= 10 \/ET , 0<a< oo, (3.169D)
T =—sinéx
with
G=VETh>0, The0) =28 (3.169¢)

& +¢
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-
For 0 < & < VI (i.e., € = —j[€]), the reflection coefficient I'; is complex and of
unit magnitude; one has

Uy (6,2) = \/%[e—fﬁf + ?1(—j|5|, 0)e/*1*],  —oo <z <0, (3.170a)
ballr,2) = \/%[1 + T (=€, 0)]e €, 0 < 2 < oco. (3.170D)

E modes (in x)
Characteristic Green’s function:

Tole)T
g'(z,2';)) = a(z) Lalzs) (3.171a)
jweo Z (0)
with
-
I(x) =™ ik <0, K=& =ki+\ (3.171b)
To(z) = e iny <0, 2= =k +A=\ (3.171c)
71(95) = COS k1T — j@ sin k12, (3.171d)
E9K1
72(1") = COS Ko + j% sin Ko, (3.171e)
E1R2
jweo Z (0) = j ('iz + "“) . (3.171f)
€9 &1

T
Spectral representation of delta function for —oo < { /} < oo:
x

g(x)d(x — ') = L d\g'(z, 23 \)
c

2mj

Vh R . 0 ) )
_ /0 06, b (61, 2)B5 (€1, 27) + /0 de B, (6, 2) 7 (€, ), (3.172)

where C' is the integration contour, and with 0 < £ < oo,

cos&rx
B, (¢,0) = | 21+ T1(&,0)] \/? . —co<x<0, (3.173a)
d ——sin&x
§182
coséx
AR %[1 +T1(6,0)] 65 , 0<z<oo,  (3.173b)

in £z

331
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with

Tleo=o8&mE)
I'1(£,0) = FWAEYE G=vVE&+h. (3.173c)
Also with 0 < & < Vh

qsl(gbx) = !

{eijglm — ?1(_j|f|~, O)Ejglz} ;o —oo <z <0, (3.174a)

9132(51%) =

-9

{1 — T(—jlel, 0)} el 0 <2 < . (3.174b)
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4

Two—Dimensional Problems

I Introduction

In this chapter, the general concepts introduced in Chapter 2 SectionVI are il-
lustrated on two examples:

e A parallel plate waveguide in a rectilinear y—independent domain, and
e Various axially invariant waveguides in a cylindrical coordinate domain.

The first example is very instructive because with a modest analytical effort allows
to introduce several concepts for open and closed waveguides [1-3] and can be
extended to dielectric waveguides [4] or stratified media. Also relevant techniques
of applied mathematics find, in this case, immediate application [5-7].

The axially invariant waveguides in cylindrical coordinates illustrate the alter-
natives available when considering wave propagation in this coordinate system.
Also in this case, with a limited analytical development, it is feasible to illus-
trate the relevant phenomenology [8-10]. These examples provide a simple yet
effective introduction to the concepts that will be expressed in the next chapter,
concerning the spherical wave expansion and its network interpretation.

IT Electric Line Source in a PEC Parallel Plate Waveguide

We consider a parallel plate waveguide of height a, excited by a time-harmonic
electric line source at location (', 2’), as shown in Figure 4.1. The scalar Green’s
function G(z, z,2', 2'; ko) in the waveguide satisfies the time-harmonic wave equa-
tion

— +—+ ko} Gz, z,2', 2 s ko) = —d(x — 2')d(2 — &), (4.1)
z

where ky = w/cg, w is the radian frequency of the source and ¢y is the wave speed
of the ambient medium in the waveguide. At the horizontal boundaries x = 0
and = = a, the PEC boundary conditions

G(0,2,2',2' ko) = Gla, z,2', 2 ko) = 0 (4.2)
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are imposed. A radiation condition, to be discussed in detail below, will be applied
at |z| — oo. Since (4.1) is separable in x and z coordinates, the Green’s function
G(z,z;2',2'; ko) may be synthesized from the reduced one-dimensional problems
in the = and z coordinates (see SectionV). Three approaches are possible:

e (1) G may be written as an eigenfunction expansion using the eigenfunctions
of the reduced z-domain problem with coefficients that depend on z;

e (2) G may be written as an eigenfunction expansion using the eigenfunctions
of the reduced z-domain problem with coefficients that depend on x; or

e (3) G may be written as an eigenfunction expansion using the two-dimensional
eigenfunctions in the (z,z) domain with coefficients that are coordinate-
independent.

The bounded z-domain will determine a discrete set of eigenfunctions in the
variable x, while the unbounded z-domain will imply that the eigenfunctions
in z form a continuous set. Before attacking the full two-dimensional problem,
the reduced one-dimensional problems in the bounded z-domain, semi-infinite z-
domain, and the bilaterally infinite z-domain will be considered first. The above
solution strategies are explored, as is their usefulness with respect to physical
insight, efficient numerical implementation and other considerations for the range
of problem parameters of interest. Thus, this simplest of waveguide prototypes
can serve as the setting for exploring many aspects that must be understood on
an elementary level before they become “corrupted” by the more complicated
phenomenology in more general waveguide environments.

Source
g, 1 (7, 2")

0

Fig. 4.1. Electric line source in a two-dimensional PEC parallel plate waveguide
filled with a homogeneous dielectric.

I1.1 Constituent One—Dimensional Problems: z-Domain
Eigenvalue Problem in the x-Domain

Equation (4.1) is coordinate separable, and the one-dimensional (reduced) ho-
mogeneous eigenvalue problem in the variable z is (see section V.1, and the
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corresponding reduction of (2.127) withu =z, u1 =0, us = a,p=w =1, ¢ =0,
and with v = 0 in (2.129))

(dgm) f@)=0, 0<z<a, fu0)=ful@)=0,  (43)

dx?

where )\, is a separation constant which can be interpreted as the square of the
x-component of the spatial wavenumber. The solution of (4.3) which satisfies the
boundary condition f,(0) =0 is

fa(z) = Aysin \/Ex (4.4)

The boundary condition f,(a) = 0 requires

0= A,sin v/ Aaa, (4.5)

which implies that
am

Aa:(7)27 a=1,23 ... (4.6)

The orthonormality condition

1l do =1 (4.7)

is now o
Ai/ sin? /Aqx dx = 1, (4.8)
0

which gives the result

The eigenfunctions f,, are therefore

2
fulz) = \[sin A =1,2,3,..., (4.10)
a a

and the eigenvalues \, are given by (4.6) A sketch of the eigenfunction f,(x)
is shown in Figures 4.2. (4.6) and (4.10) constitute the classical solution of the
eigenvalue problem in the z-domain.

Green’s Function Problem for the z-Domain

The Green’s function g(z, z'; ;) for the reduced inhomogeneous problem in the
variable x satisfies the equation

2
(jx? + )\x) g(z,2's \p) = =0(z — '), 0<z<a, (4.11)
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T
constraint

Aaca

constraint

Fig. 4.2. Schematic representation of oscillatory (standing wave) eigenfunction
fa(z) in finite 2-domain. The following correspondence holds: A\, — k2, kpo =
27/ Aye, where A, is the wavelength of the standing wave.

together with the boundary conditions
g(0,2"; X)) = gla,z’; \,) = 0. (4.12)

Here, ), is treated as a general complex parameter ((4.11) and (4.12) are a special
case of (2.164) and (2.165)). The solution for g(z,z’; A;) may be obtained by
applying the general results derived in Section VI.2. As in Section 1.1, (u,u’) =
(z,2"), p=1, ¢ =0 and w =1 in the general Sturm-Liouville operator given in

(2.127). The functions ? and ? in (2.187) may be chosen as

F=sin /o (4.13)

and .
f=sin/Ao(a — ). (4.14)

The Wronskian of these two functions is

—df —df
W = p(a') de{_ dT{

r=x'

=\ [— sin /Ao cos /A (a — ) — sin /Ay (a — z) sin \/Ex}
= —/Aesiny/Aa, (4.15)

which, as predicted by the general result in (2.192), is independent of z’. Accord-
ing to (2.187), the Green’s function g(z,z'; A;) is therefore given by

gl ' p) = SV az s VA@ — 2) (4.16)

VA siny/Aza
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A schematic representation of the function g(z,z’; A;) and of the functions f

and f which comprise g is shown in Figure 4.3. It is evident from (4.16) that
g(x, z'; \;) has simple poles at the real values A, = A, given by (4.6). The presence
of /A, in (4.16) suggests a branch point at A, = 0 in the complex A-plane, but
since g(x,a'; \,) is an even function of /), only even powers of /), (integral
powers of A;) will appear in an expansion of g around A, = 0. This means that
g is single-valued near A, = 0 (its phase will change by a multiple of 27 around
a closed path containing the origin in the complex A, plane), and therefore there
is no branch point at A, = 0.

X

—

f( ) constramt

Source

- 7N\
7 {0

Fig. 4.3. Schematic representation of source-excited oscillatory wave functions
in finite z-domain for arbitrary A\, — k2 = (21/A,)2.

con stramt

The large A, behavior of g may be determined by writing the trigonometric
functions in g in terms of complex exponentials, and retaining only the dominant
exponential terms. For example, retaining only the dominant exponential order,
we obtain in analogy to (2.197)

1 - ; 3
sin\/ A,z = T (e’] Aet A“’5‘) -0 [e“ \/mm} as [Ag| — oo,  (4.17)
J

where the order notation F(\,;) — O[G(\;)] as |A\z| — oo means that the ratio
F(A:)/G(Az) is bounded as |\;| — oco. Corresponding expressions can be written
for sin v/A\;(a — ) and sin y/\;a. Substitution of these order estimates into (4.16)
gives

e\Im Viz|z< 6|S Vig|(a—zs)

— IS Val(@<—z>)
elS Vcla

g(z, 2" Ay) —
— IS VAsl(=la—a]) (4.18)
(4.18) shows explicitly that g decays exponentially as A, becomes large for all

values of = except = 2/, thereby confirming the estimate established in (2.197),
yielding no contribution over an integration path at | A |— oo.
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According to the general result given by (2.204), the integral of g around a closed
contour C, which encloses all poles A, = A, in the complex A,-plane gives

27j

1
§(z—2) = —]{ g d),. (4.19)
Ca
For the present example, (4.19) becomes

5(30—9:')*i% sin v A, 7« sin v, (a — 25)
27y Vg sinvAza
1{7{ sin v/ Az < sin v/Aga cos v/ A T ix,
27 Vg sin v za
_]{s1n\ﬁx<s1n\ﬁx>cos\ﬁa }
c Vg sin v za
1 {7{ Sin v Az T« cos v/ AT
= dA
. Ve
_]{ s1n\/)\71.x<s1n.\/)\7.x>cos\/)\ja d/\z}. (4.20)
: Vg sinyAza

The integrand of the first term on the right-hand side of (4.20) has no singular-
ities, and therefore (by Cauchy’s Theorem) does not contribute. Again invoking
Cauchy’s Theorem, the second term may be evaluated by computing the residues
at the simple poles A, given by (4.6). Expanding the denominator near A, = A\, as

M) = M(Aa)+ O = Aa) (dM(A) /dAo)r, +. . ., where M(\,) = v/Ay sin v/ Aga,

this calculation gives

X,

, 1 ) sin vV Az siny/ A s cos v Aa
(5(.2:—1’):72271] d :
) oW [\/)\z sin \/)\za]

Az=Aa

_ Z sin v/ A2 sin /A2 cos v/ Agza
= | [ sin v + VA cos Vagalad )|

= Z % sin \/Ex< sin \/xﬂb

arx . anx’
= E fsm—sm
a

Az=Aa

=Y L) i), (4.21)

which conforms with the general eigenfunction completeness expression in (2.154).
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I1.2 Problems in the z-Domain
Eigenvalue Problems in the Semi-Infinite z-Domain

As a first approach to an eigenvalue problem involving an unbounded domain,
the semi-infinite problem

2
(CZ’Q + /\g) fa(2) =0, 0<2z< o0, (4.22)

is considered, together with the boundary condition
fs=0 at z=0. (4.23)

The unbounded spatial domain makes this eigenvalue problem different from the
finite domain eigenvalue problem considered in Chapter 2, Section I1.2, because
of the lack of a boundary condition at the imprecise “endpoint” z — co.

While the solution of (4.22) which satisfies (4.23) is evidently

fa(z) = Csiny/Agz, (4.24)

the imprecise second boundary condition at z — oo does not uniquely determine
the allowable values of Ag. In fact, all values of Az are “allowable,” thereby im-
plying that the Ag are distributed continuously. However, this observation alone
does not establish how the continuous set of eigenfunctions is normalized, nor
what the discrete completeness statement in (2.154) becomes in the continuous
limit.

The customary procedure for coping with this problem is to return to a finite
domain 0 < z < b, and pass to the limit b — oco. Except for replacing a by b, «
by 8 and x by z, the finite domain eigenvalue problem

(5 +0) a1 =0, 0220, (4.25)

with the boundary conditions

f3(0) = f(b) =0 (4.26)

has been solved in Chapter 2, Section II.2, and the generalized eigenfunction
completeness relation given by (2.154) becomes

0z =)= fo()f5()
sin(y/Ag2) sin(y/Ag2")

g sin @ sin fr
b b b’

SN

M 21 -

(4.27)

T
o
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where a term with index # = 0 has been included without changing the value of
the sum. If the eigenvalues y/Ag = Om/b are denoted by

G =" (1.25)

where the (g is the z—domain spectral wavenumber, then the interval between
eigenvalues is

T
AGs = Gor1 = (s = - (4.29)
With this notation, (4.27) can be written as
3z —2) *gi in (Cgz) sin (52" )A ¢ (4.30)
- pa S1 Jé] 1 Jé] 3- .

In the limit b — oo (i.e., Alg — 0), the sum approaches an integral over the now
continuous variable ¢, and (4.30) becomes

§(z—2) = %/000 sin ¢z sin (2’ d(. (4.31)

Equation (4.31) is the completeness relation synthesized by the function sin ¢z of
the continuous variable  over the interval 0 < ¢ < oo, and may thus be taken
as the defining equation for the orthonormal eigenfunctions of (4.22) in the semi-
infinite z-domain. Comparing the first equality of (4.27) with (4.31) recalling
that

Ag > (2 (4.32)

leads to the identification

fo(z) < fe(z) = \/Zsin (z, (4.33)
o [ ac (4.34)
>

A schematic representation of the eigenfunction f¢(z) is shown in Figure 4.4.
The eigenfunctions sin (z are orthogonal, and the orthogonality relation can be
derived in analogy with the discrete case by multiplying both sides of (4.31) by
sin 'z and integrating over z from 0 to co. Assuming the interchangeability of
the orders of integration, this gives

sin(’z’:/ sin('z{Q/ sin (z sin 2/ dC} dz
0 T Jo
* o 2 [> . o
:/ d¢ sin(z {/ dz smgzsmgz}, (4.35)
0 T Jo



Constituent One-Dimensional Problems, Ch. 4 133

T
o | A
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N FAWAWAWATS
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oscillatory

Fig. 4.4. Schematic representation of improper oscillatory eigenfunction f;(z) in
semi-infinite z-domain. ¢ = 27/A,, and any value of ( is allowed.

from which it follows that

%/ dz sinCzsin(’z = 6(¢ — (). (4.36)
0

Since the right-hand side of (4.36) is zero for ¢ # (', (4.36) is an orthogonality
statement for the eigenfunctions (1/2/7)sin(z and (1/2/7)sin¢’z. The eigen-
functions cannot be individually normalized, however, since the integral on the
left-hand side of (4.36) diverges for ¢ = (’. For this reason, eigenfunctions in this
category are called improper.

Equations (4.31) and (4.36) are the basis for the Fourier sine transform and its
inverse, by which a function F'(z) which is defined over the domain 0 < z < oo
and which satisfies F/(0) = 0 can be expressed as an integral over ¢ of the basis
functions sin z. Starting from (4.31) and following the steps in (2.156)—(2.158)
one finds the transform pair F(2) and F(¢) which satisfy the equations

b

F(z) = /000 F(¢)sin(z d¢, (4.37)
F() = %/000 F(z)sinCz dz. (4.38)

Because the introduction of the finite endpoint z = b is artificial, the results ob-
tained by taking the limit b — oo should not depend on the boundary condition
at z = b, which was here chosen as in (4.26). It can be shown that for infinite
domain eigenvalue problems of the “limit point” type, to which the present prob-
lem belongs, the result of the limiting process is independent of the boundary
condition at z = b. The difficulties encountered with the “direct” attack on the
infinite domain eigenvalue (i.e., source-free) problem are avoided completely for
the source-driven (Green’s function) case discussed in the following section.



134 Two-Dimensional Domain, Ch. 4

T — —
constraint /\ /\ /\
Source k
oscillatory Outwarq
(incident + progressing
reflected)

Fig. 4.5. Schematic representation of source-excited wave functions in semi-
infinite 2-domain. The squared wavenumber A, = k? = (2r/A,)? is arbitrary.

Green’s Function Problem in the Semi-Infinite z-Domain

As in Section II.1, the Green’s function g¢(z,2’;\,) for the reduced one-
dimensional problem in the semi-infinite z domain satisfies the equation

d2
(d 5 T A ) g(z,2',\) = =d8(z—2"), 0<2< o0, (4.39)
together with the boundary condition g = 0 at z = 0. For the behavior at 2 — oo,

it suffices to require that g is bounded for arbitrary A,. The function f may again

be chosen as _
f=siny/\,z. (4.40)

Boundedness at z — oo implies that the function f behaves like

f=e VA= 3/ <0 (4.41)

ie. 0 > argy/\, > —m, on the “upper sheet” of the two-sheeted Riemann

surface in the complex A,-plane. This condition ensures that f decays like
exp [—|S VA, z|] with increasing |A.| or z. The mathematical boundedness con-
dition in (4.41) is consistent with the physically motivated “radiation condition”
which requires that waves propagate outward from the source region toward
2z — 00, i.e. exp IV +* for the assumed e/t time dependence. Complex A, implies
dissipation in the propagatlon medlum and a decaying wavefield as in (4.41). The

Wronskian of the functions f and f defined by (4.40) and (4.41) is
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df
dz

|

<—d*>
W= chf‘

z=z'

—jVAzz IV A2z )
_{ [6“1( )V

2j

_e*j Azz /)\z [e_jmz+€jmzl }

2

= V.. (4.42)

According to (2.187), the Green’s function is therefore

_ sin VA zce iVAaz>
VA

Figure 4.6 shows a schematic representation, for real \,, of the real part of the
Green’s function g(z, z’; A,) in the semi-infinite z-domain, together with the func-

tions f and f.

g(z,2'; \) (4.43)

QP

C.

T=0 C)

] — §R>\Z

T =27

Fig. 4.6. Complex A,-plane with spectral branch cut.

To relate the Green’s function given by (4.43) to the eigenfunctions of the asso-
ciated sourceless problem, g is integrated over a contour C' which encloses all the
singularities of ¢ in the complex A,-plane. The Green’s function given by (4.43)
has no poles, but does have a branch point at A, = 0 (i.e., g is multivalued on
any closed contour that encircles A\, = 0; note that this Green’s function is not
an even function of v/).). In order to define the function v/, uniquely, a two-
sheeted Riemann surface with a branch cut is introduced in the complex A.-plane.
The branch cut must extend from the branch point to infinity. Passing through
the cut once grants access from the upper to the lower sheet in the extended
complex A-plane, and passing through the cut twice re-enters the upper sheet.
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As stated previously, the complex square root is defined here with the condition
0 > argy/A, > —m on the upper sheet, thereby rendering g convergent on the
entire upper sheet. Accordingly, the branch cut is chosen so that /A, = 0 along
the cut; this places the branch cut on the positive & A, axis, as shown in Fig-
ure 4.6 (note that the changeover from the branches (or sheets) where Sv/A, < 0
and S/, > 0, respectively, occurs along the contour 3v/A, = 0, which thereby
defines the “spectral branch cut”). The generalized completeness theorem applied
to the Green’s function in (4.43) is now

3z —2") f g(z,2; \,) d),

= % ]
B 1 sin \/)Tzz<e_j\/zz>
27 o Non

where the contour C, is shown in Figure 4.6. As |\,| — oo in the complex plane,
g behaves like

d\., (4.44)

g— elSVAlE< o= BV — =8V (2> —2<) = o= ISVAsI2=#1] (4.45)
whence g decays as |\,| — oo for z # 2’. Therefore the contributions at infinity
to the integral in (4.44) vanish, and the contour C, may be deformed into the
contour C”, with a line segment just above the positive real axis, a line segment
just below the positive real axis, and a small circular contour surrounding the
branch point at A, = 0. In terms of the z—domain spectral wavenumber, { = /A,
written in polar form, one has

A=, (4.46)

with 7 = arg(¢?), and 7 = 0 on the lower line segment, and 7 = —27 on
the upper line segment. According to the convention given previously for the
square root function, /X, = |¢|e™® = |¢| on the upper line segment, and
VA, = [¢le™™ = —|¢| on the lower line segment. It can be shown that the
contribution from the small circular contour around A, = 0 vanishes in the limit
as the radius of the circle approaches zero, so that (4.44) becomes

5z —2") d¢® + —

T 2mj ) ¢ 2mj Jo —C

1 *° . 1 i .
= —2—/ sin Cz.e 7% 2d¢ + —/ sin Cz.e’%*> 2d¢
) Jo 2r7 Jo

1 /0 sin (z.e 96> 1 [ sin(—Czo)ei*> i

1 e . .
=5 ) sin (zc (€797 — /4> 2d(¢ . (4.47)

From this we obtain
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8z—2) = %/Ooo sin ¢z sin (2’ d¢, (4.48)

which is precisely the eigenfunction completeness relation. Thus, the eigenfunc-
tion completeness relation and the identification of the homogeneous eigenfunc-
tions themselves can be derived from integration of the Green’s function for the
source-driven problem, thereby providing a direct alternative to the process of
first solving the homogeneous problem in a finite domain and then considering
the limit as the finite domain is allowed to become infinite.

Eigenvalue Problem in the Bilaterally Infinite z-Domain

The eigenvalue problem in the bilaterally infinite z-domain may again be ap-
proached by first considering the finite domain problem

d? .
(6122 + )\g) fa(z) =0, =b/2<2<b/2, fg(=b/2)= f3(b/2)=0. (4.49)
Results for the eigenvalue problem defined over the domain —oo < z < oo will
be obtained by letting b — oco.

The solution of (4.49) may be obtained by using the results of Section with a
simple shift in the origin of z; the eigenvalues are

o= (%Y, (1.50)

and the normalized eigenfunctions are

b
Folz) = %sinﬁ—bﬂ(z+ 0. (4.51)

The eigenfunction completeness relation is now

—2 . b, . pBm,, b
7ng1n7(z+§)smj(z +§) (4.52)

In contrast to the choice of coordinates in (4.3), the placement of the origin in
the center of the finite interval, as in (4.49), highlights eigensolutions with even
and odd symmetry. The right-hand side of (4.52) is even in [, and a term with
3 = 0 may again be added without changing the value of the sum, so that (4.52)
can be written as

z—2) = i %sinﬂ—ﬂ(z + é)sin ﬁ—ﬂ(z’ + ). (4.53)
8=
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Expanding the trigonometric sums in (4.53) gives

1 / /
§z—2") = Z - {sin prz sin prz cos? pr + cos ? cos prz sin® ﬁﬁ} )

b b b 2 b 2

(4.54)
where use has been made of the fact that sin (8m/2) cos (87/2) is zero for all
integers 3. Also,

fB=—c0

1, 6 even

[t 4.55
€% {Qﬁomi (4.55)
and 5 odd
. o T 1,60
. [ 4.5
St 2 {O, 0 even, (4.56)

so that (4.54) can be written as

1 ! 1 !
8z—2") = Z 3 sin ? sin ﬁzz + Z 5 €08 ? cos 67;2 . (4.57)
3 even B odd

By making the change of variables

8=2n, (3 even, (4.58)
B=2v+1, fodd, (4.59)
(4.57) becomes
1.2 = 1 (2741 2y + Vw2’
8(z—2) = 77:Xi:oogsin n;rz sin U;TZ —O—Aygoogcos ( WJ; 2 cos 2y +b w2 ,
(4.60)
which with the notation 5
T
G %%, (4.61)
2 1
C&Zgl%—ﬁ, (4.62)
27
AG = A= (4.69)
becomes in turn
§z—2) = Py U:Z_OO sin ¢,z sin (2’ A ¢, + o W:Z_OO cos (2 cos (2 A, (4.64)

As b — oo, both sums in (4.64) become integrals with respect to the continuous
variable ¢ over the range —oo < ¢ < oo and (4.64) becomes
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8z—2)= i/oo (sin Czsin (2" + cosCz cos(2') d¢

2r J_o
1 [ee] ) ) , 1 e’} ,
=— sin(zsin(z d¢ + — cos(zcos(z dC
™ Jo m™Jo
2 ) cos((z — 2') dC. (4.65)

Since sin ((z — 2’) is odd in ¢ and will not contribute to an integral over a sym-
metric range of ¢, (4.65) can also be written as

8z—2)= %[w[cosg(z—z’) —gsin((z — 2] d¢

1 el - /
_ ~iCG=2) g 4.66
ol ¢ (4.66)

The first equality shows that the completeness relations in (4.65) and (4.66)
contain alternative eigenfunction sets for the bilaterally infinite z-domain. In
(4.66), the normalized improper eigenfunctions are /1/2we 9% over the interval
—00 < ( < 0. In particular, comparing (4.66) and (4.52), one has the identifica-
tions

Ag < ¢, (4.67)

fa(2) & fe(2) = \/1/2me 3% (4.68)
£3() & i) = V1/2me (4.69)

o [ ac (4.70)
>~

Returning to the second line in (4.65), on the other hand, one has the symmetric-
antisymmetric eigenfunction decomposition over the semi-infinite domain 0 <
¢ < 0o, which comprises standing (oscillatory) waves; (4.66) emphasizes traveling
(progressive) waves.

As before, the orthogonality relation for the improper eigenfunctions /1/2me7¢*
is derived by multiplying both sides of (4.66) by €¢'* and integrating over z from
—00 to oo. This gives

I / o / T dac\ dz
—00 2w —00 ‘
Z e [T e
= e’ — e’ dz ¢ dc, (4.71)

from which it follows that

R e D2 gz = 5(¢ - ¢). (4.72)

21 J_o
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Similar relations can be derived for the symmetric and antisymmetric eigenfunc-
tion sets in the second line of (4.65).

Equations (4.66) and (4.72) are the basis for the Fourier transform, by which
a function F(z) defined over the domain —oo < z < oo can be written as a
continuous sum (integral) over ¢ of the basis functions 1/1/27e™7¢*. Starting from
(4.66) and again following the steps in (2.156)—(2.158), the Fourier transform and
its inverse are obtained in the form

F(z) = % [ T F Qe de, (4.73)
F(¢) = /_Oo F(2)el** dz. (4.74)

Green’s Function Problem in the Bilaterally Infinite z-Domain

The Green’s function g(z, 2’; A, ) for the one-dimensional problem in the bilaterally
infinite z domain satisfies the equation

2
<ch2 + )\z> g9(z,2"s ) = —6(z — 2'), —o0 < 2z < 0. (4.75)

As in Section I1.2; the functions f and f used to construct the Green’s function
are chosen so as to yield bounded solutions (satisfy radiation conditions) as z —
+o0, ie.,

F= eV (4.76)
f= eIV (4.77)
with the Wronskian
—df —df
w=3pdl jdt
z dz

:*{6]. /\zz(j\/):)e—j )\zzie—j )\zz(j\/):)ej )\Zz} B
=—2j\/\.. (4.78)

The schematic representation of the wave process is as in Figure 4.5, except that

—

/

f is outward progressing towards z — —oo in accord with the radiation condition.
Using the general result in (2.187), the Green’s function is

, e*j\/EZ>€j\/IZ< e*j\/xlzfz’\
2,25 A:) = = , 4.79
TV TV N )
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yielding the generalized completeness relation

5 ’ ]- / )\ d)\ 1 e—j\/z‘z—z"
z—2)=— 2,2 = — _—
(=)= g § otmsin)ah = o f S
where C. is a contour which encloses in the positive sense all the singularities of
g in the complex A,-plane. The Green’s function given by (4.79) has a branch
point at A, = 0 and no other singularities. As in Figure 4.6, the (spectral) branch
cut is chosen on the positive & A, axis. The contour C, may be deformed into the
contour C, as in Section I1.2. Proceeding as in (4.47)-(4.48), (4.80) becomes

S , 1 oe—jdz—z’\dQ 1 c>o€j<|z—z’|d2 81
(Z‘Z)—E/OOTC_%O A

X, (4.80)

which reduces to

§(z—2") i/0 (e_mz_z/‘ + ejqz_zll) ¢ = l/0 cosClz — 2| d¢. (4.82)

:27r T

Since the cosine is an even function, the absolute value in the integrand can be
removed, giving

§z—2")= l/OOCOSC(Z—Z') ¢ = i/OO cos((z —2') d¢
0

T 21 J_
P dc. (4.83)
2 J_

(4.83) is the eigenfunction completeness relation in Section II.2.

I1.3 Two-Dimensional Waveguide:(Finite x)—(Bilaterally
Infinite z)-Domain

Eigenvalue Problem

The two-dimensional eigenvalue problem for the two-dimensional geometry in
Figure 4.1 defines eigenfunctions which span the entire (z, z) domain, in contrast
to the reduced one-dimensional eigenvalue problems in Section I1.2 and I1.2 for
the x and z domains, respectively.
The two-dimensional eigenvalue problem is defined by the equation
02 92

<8x2+822+)\">F”(x’2)_0’ 0<z<a —00<z<00 (4.84)
with boundary conditions F,(x,z) = 0 at © = 0, a and indefinite boundary con-
ditions at |z| — oo (see Sections I1.2 and II.2). Since the problem in eqn. (4.84)
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is coordinate—separable, the solution can be synthesized in terms of the one-
dimensional orthonormal eigensets { fo(z)}, {fc(2)} in (4.10) and (4.68), respec-
tively. Thus, the eigenfunctions F, become

1 .
sin ﬂeﬁgﬁ v— (a,() (4.85)

By Fagle,2) = fo@)e(2) = /2

where o = 1,2,3, ..., —00 < { < 00, and the eigenvalues A, in (4.84) become
A = Ao = (am/a)® + (2. (4.86)

Accordingly, the two-dimensional completeness and normalization relations are
given by

S —a)o(z—2) =) 1 h ¢ Foc(a, 2)Fr (2, 2)) (4.87)
/0 " [ " e Fgla, 2 Fo(w,2) = 5(C — Odaa- (4.88)

Green’s Function Problem

The results in the previous sections permit synthesis of the two-dimensional
Green's function for the original waveguide in Figure 4.1. Repeating (4.1) and
(4.2), the two-dimensional Green’s function G(x, z; 2, 2’; ko) satisfies the equation

o*
<8;L“2 tozt kg) Gz, z;2', 2 ko) = —0(x — 2')d(2 — 2') (4.89)

with boundary conditions

G=0 at z=0,a (4.90)
and the radiation condition at |z| — oo.
FEigenfunction Ezpansion in the x-Domain

To construct a representation for G(z, z; ', 2’; ko) using the eigenfunctions of the
reduced z-domain problem, G(z, z; ', 2'; ko) is written as

G= Z Au(z, 2, 2) ful), (4.91)
where
falz) = ﬁsin % (4.92)

are the eigenfunctions of the finite z-domain problem discussed in Section I1.2,
and the coefficients A, are to be determined. In view of the (x, z) separability and
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the (z,2’) symmetry exhibited in (4.89), it is suggestive to reduce the coefficients
A, as
Au(z,7,2") = g.(2, 25 a) f2(2)) (4.93)

so that G becomes

G= Zgz 2,2 a) fA(2) fol). (4.94)

Using (4.3) and (4.6), the second derivative of G with respect to z is

d2
Zgzzz a)fa(@) T fal2)

= Zgz 2,2 a) fa(x) (= Aafa(2)) (4.95)
with the x-domain eigenvalues A\, given by
o 2
Aa = (7) . (4.96)
The second derivative of G with respect to z is
d2 / * /
=D 550:(5 75 0) (@) ful@). (4.97)
(4.89) now becomes
d2 2 0,0 / !
Z Egz + ko - )‘(y fa(x)fa(x) = _5(]j - )6(Z -z )a (498)

which upon using (4.21) becomes

2
Z{jzggz+k‘§ }fa Zfa V() (2 = 2). (4.99)

Equating the coefficients of the orthogonal functions f,(z), (4.99) implies that g,
satisfies the equation
d2 / 2 / !

ﬁgz(za z ;O‘) + (ko - )\a)gz(zv z ;O[) = 76(2 -z )7 (4100)
z
subject to the radiation condition at |z| — oo. (4.100) is the one-dimensional
Green’s function equation discussed in Section I1.2, and the solution of (4.100)
which satisfies the radiation condition at |z| — oo is (see (4.79))

( . ) e—j\/kg—/\a\z—z'\
9:(2,750) = —————er.
2j\Vkg — Ao

(4.101)
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As before, the square root function in (4.101) is defined so that 0 < argy/ < .
The series expansion for G(z, z; ', 2'; ko) in (4.94) is now

/\a|z z|2

G= ; 23\//€2—a fsm\ﬁxsmfx (4.102)

with the eigenvalues )\, given by (4.96). This expression for G is written in terms
of oscillatory eigenfunctions (modes) in the a-cross section, and emphasizes travel-
ing waves along z. For schematic representation of these combined wave processes,
see Figure 4.4 and Figure 4.7, modified as indicated after (4.78).

o G

Fig. 4.7. Contours in the A -plane.

The guided mode series in (4.102) is useful and phenomenologically meaningful
when the number of “important” modes is not too large. The number of important
modes at sufficiently long ranges |z — 2’| from the source is controlled by the
exponential term (the z-modal propagator) in (4.101), which decays when A, >
k3 = w?/c? since, then, \/k2 — Ao = —j|\/Aa — k2|. Thus, the downrange modes
are controlled by their cutoff frequenmes Wea = aTCp/a, and they are “filtered out”
by the waveguide whenever w < we,, i.€. at “low enough” operating frequencies.
However, this filtering takes place only if |z — 2/ is sufficiently large. As z — 2/,
the exponential propagator for modes with w., > w is weakly damped, and in
the cross section z = 2’ of the source, the damping disappears altogether. Thus,
alternative formulations may offer a more attractive option.

FEigenfunction Ezpansion in the z-Domain

An alternative representation for the two-dimensional Green’s function
G(z, z;2',2'; ky) is obtained by expanding G in eigenfunctions of the reduced
z-domain problem. In this approach, G is written as

G= ZAg(x,x',z’)fg(z), (4.103)
B
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where f3(z) are the eigenfunctions of the bilaterally infinite one-dimensional prob-
lem discussed in Section II.2 and Ag are coefficients which are to be determined.
For the reduced one-dimensional problem in the z-domain, the eigenfunctions are
indexed by the continuous variable ¢, and therefore the formal notation in (4.103)
becomes (see (4.67)-(4.70))

G= /00 d¢ Ac(z, o', 2") fe(2), (4.104)
with 1 .
fe(2) = \/—2?6_142. (4.105)
The coefficients A, are decomposed into
Ac(z,2',2") = gulw, 2'; Q) (7)), (4.106)
and the Green’s function therefore becomes
G = % /_: gu(z, 2'; Qe_j‘f(z_z/) dc¢. (4.107)

Using the representation of G given by (4.107), (4.89) now gives

1 “[dg 9

=— —6(x — 2')e 9= qc, (4.108)
where the second equality has been obtained by using (4.66). (4.108) implies that

<d2 + kg — C2> gz(z,2';¢) = —0(z — 2). (4.109)

dx?
The boundary conditions associated with (4.109) are
g.=0 at x=0,aq, (4.110)
and the corresponding solution of (4.125) is (see (4.16))

~siny/Agae siny/A(a — a5)
9z = \/Esin \/TICL )

(4.111)

where

Ao = ki — (2 =€ (4.112)
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with & denoting the x—domain spectral wavenumber. The Green’s function G is
now

G,z 2!, 2 ko) =

1 /°° sin ({x<) sin (§(a — x>))€fjc(zfz’) d¢. (4.113)

PL ¢sin (€a)

(4.113) is an expression for G written in terms of the continuous plane wave
eigenfunction (mode) spectrum along z, and emphasizes source-excited traveling
waves along x, which synthesize the oscillatory-wave closed form result in (4.111)
by multiple reflections between the boundaries at © = 0, a. The closed-form ex-
pression in (4.111) for the z-domain Green’s function can be decomposed [11] so
as to exhibit the traveling wave hierarchy explicitly.

The phenomenology associated with the z-domain modal plane wave continuum
which propagates, and is reflected, along x is totally different from the phe-
nomenology associated with the z-domain discrete modes which propagate along
z. The important modes in the continuum of waves represented in (4.113) are es-
tablished by constructive interference whereas the unimportant modes are filtered
out by destructive interference. Thus, constructive interference serves to localize
the spectral contributions around the interference maximum, and the integration
interval may be localized accordingly. The mathematical technique which imple-
ments this scenario is the method of stationary phase. The localization is most
pronounced in the “high frequency” range koa > 1.

Figenfunction Ezpansion in the (z, z)-Domain

The (z, z)-domain eigenfunction expansion for G(z, z; 2, 2'; k3) is written as
oo
G= Z/ dC gac(2', 2" ) Fyc(, 2), (4.114)

where the two-dimensional eigenfunctions F, ¢(x, z) are given by (4.85). The ex-
pression for G given by (4.114) is now substituted into (4.89), which after using
(4.84) and (4.86) gives

—0(x—2)o(z—2) = Z/ dC Goc (7', 2 ) Foe (2, 2) (kg — Aac)- (4.115)
Using (4.87), (4.115) becomes

_ Z/_ d§ Foc(w,2)F} (2, 7)) = Z/_ dC Gac (2, 2 ) Foc (2, 2) (kg — Aae).

(4.116)
Since the {F, .} form an orthogonal set, equality of the coefficients in (4.116)
yields
F;"C(ac’, 2')

—. 4.117
kg _ )\a_,C ( )

ga,((xl7 Z/) = -
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Thus, from (4.114), (4.85) and (4.86), the two-dimensional Green’s function be-
comes

z,2)Fy (', 2)

Gz, 22,2 kg) = Z/ d¢ Fad kQ—);

sin omx/a) sin (ara’ /a)e 762
[

(4.118)

Using (4.118) to construct the completeness relation for the two-dimensional prob-
lem is considerably more involved than for the one-dimensional problems in (4.19)
and (4.80) since the resolvent complex parameter \,, = k2 spans simultaneously
the spectral domains A\, and A, associated with the z and z domains, respectively.
This will not be pursued further here.

The complete-domain eigenfunctions, in contrast to the reduced-domain eigen-
functions, are sometimes referred to as resonant eigenfunctions (or modes). This
designation is associated with completely enclosed domains, for which the eigen-
functions F,(x,z) form a discrete set. When this discrete spectrum replaces the
discrete-continuous spectrum in the denominator of the integrand in (4.118), the
integrand grows indefinitely at the resonant value k3 = (w/cp)* = Ao, where w
and cg are the frequency and wave speed, respectively, associated with the wave
equation discussed in Section V. Extending the “resonant” designation also to
open domains characterizes in this manner the entire class of complete-domain
eigenfunctions, although for continuous spectra the resonant frequencies are not
distinct.

Generalized Representations: Relating the Alternatives

The representation of the two-dimensional Green’s function G(x, z; 2’, 2’; ko) given
by (4.102) has the form

G= ZQZ(Za 2'; \/ kg - /\a)fa(x)f;(xl)~ (4.119)

According to the generalized completeness relation in (4.21), the eigenfunction
sum operator

D fal@)f2() (4.120)

may be replaced by
1

5= ¢ gu(z, 25 A;) d)s, (4.121)
275 Je,

where g.(x,2’; A\;) is the one-dimensional Green’s function associated with the
2-domain problem. Thus, (4.119) is equivalent to
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1
“ 2 e, 9:(2,%" \/ﬂ)%(%x’;kx) d, (4.122)

;v k2 — M) and g, (w,2'; \;) given explicitly by

oIV Aals—7|

with g,(z, 2/

2,2k = \) = ——— 4.123
and
o, a's\,) = 0 Vet sinyAala - 75) (4.124)

V Az sin v Aza

To justify the operational equivalence of (4.120) and (4.121), the contour C,
in (4.122) must enclose all of the singularities of g.(z,z’; \;) but none of the
singularities of ¢,(z, z'; \/k2 — Az). According to (4.123) and (4.124), g.(x,2'; \;)
has pole singularities at

aT

2
) L a=1,2.3,..., (4.125)
a

)\z = )\z,a = (
and g,(z,2'; \/k& — A\;) has a branch point at A, = k2. The contour C, is shown
in Figure 4.7, in which the branch point at A, = k2 and the corresponding
spectral branch cut are shown slightly above the R A\, axis in order to clarify the
disposition of contours (note that the mapping A\, = kZ — )\, places the z-domain
branch cut in the A\ -plane as shown in Figure 4.7; this corresponds to a branch
cut along the positive real axis in the A,-plane as in Figure 4.6).

RPW
kg
o (] [ ] [ ] o
)\:ca
C.

46I\I\HIIlHH\I\I\I\I\IIIHHHHHH\IIIIHHHHHHHIIIH—> Re Az

Fig. 4.8. Contours in the A.-plane.

Alternatively, the representation of the two-dimensional Green’s function
G(z, z;2', 2'; ko) given by (4.113) has the form

G= / A€ gu(,0's G — ) e(2)12(2), (4.126)
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As before, the eigenfunction “sum”

[ acsne) (4.127)

may be replaced by

1 /
Py 2 9202, 25 Az), 4.12
o5 b X, g.(z,7;\.) (4.128)

where g.(z,2';\,) is the one-dimensional Green’s function associated with the
z-domain problem. Thus, (4.126) is equivalent to

1
G = g7, 9:(0a's K~ Aegn(z500) (4129)

/

The functions g, (x,z; \/k3 — ;) and g,(z, 2; \.) are given by

(a2 —A) = sin /kZ — A\ xosiny/k3 — A.(a — z5) (4.130)

VE = A\.sin k2 — N.a

and
ej\/ )\Z|Z_ZI|

z Z7 Zl; )\Z = .
TV %

The contour C, in (4.129) must enclose all of the singularities of g.(z, z; A,) but
none of the singularities of g,(z,2’;1/k3 — \.). The function g¢.(z,2’;\,) has a
branch point at A, = 0, and the function g,(x,z'; \/kZ — )\,) has simple poles at

(4.131)

aTm

2
/\Z:Aw:kg—(—) Ca=1,2,3,. ... (4.132)

a
The contour C, is shown in Figure 4.8, in which the poles at A,, are shown

slightly above the R A, axis for clarity. The two complex plane representations
in Figures 4.7 and 4.8 are related via the dispersion relation, i.e.

A=kt —A2=(" (4.133)

Ao = /K3 — A2 =¢2 (4.134)

or

In either the A, or the A, planes, one representation may be derived from the
other by deforming the contours C, and C,, respectively, around the singularities
of g, and g,, respectively. The path deformations can be carried out because of
the exponential decay at |, .| — oo of the synthesizing Green’s functions in the
integrands.

The (x, z)-domain eigenfunction expansion in (4.118) can be obtained from either
the z-domain or the z-domain eigenfunction expansions in (4.102) and (4.113),
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respectively. In both cases, the respective one-dimensional spectral Green’s func-
tions ga(z,2') or gc(x,z’) are expanded in terms of the z-domain or z-domain
eigenfunctions. Thus, referring to (4.101), the z-domain eigenfunction expansion
has the form (cf. (2.202))

Ga(z,7) = /: ¢ m (4.135)

which, upon substitution into (4.102), yields the representation in (4.118). The
same result follows from (4.113), except that the roles of f¢(z) and f,(z) in (4.135)
are interchanged.

I11 Electric Line Source in Radial-Angular Waveguides
II1.1 Introduction

In the following part of the chapter we discuss the radial-angular waveguide. We
refer again to a two—dimensional domain and naturally many of the techniques
and considerations established for rectangular geometries holds also for this case.
We will therefore review the main options shortly in order to avoid duplication.
We refer to Table 2.10 of Chapter 2 for the range of waveguide geometries accom-
modated by a coordinate—separable axially-independent (p, ¢) cylindrical coor-
dinate system. Proceeding in analogy with the parallel-plate waveguide problem
in Section II.2 of this chapter, we wish to determine the time-harmonic scalar
Green’s function (GF) for the Helmholtz equation in cylindrical 2D-(p, ¢) coor-
dinates,

10 0 1 ;o

with p; < p < pg and ¢ < ¢ < ¢, subject to the PEC boundary conditions,

d(p—p)o(¢—¢)
p

(4.136)

G=0atp=pi2 ¢=¢12 (4.137)

at the endpoints (p1 2, ¢12) of the radial and angular domains, respectively. As
in Section II.2 we shall explore the following alternative options based on the
reduced 1D problems in the p and ¢ coordinates, respectively:

e (1) expressing G in terms of angular (¢p—domain) eigenfunctions f,(¢) and the
corresponding radial (p-domain) spectral GF, g,q(p, ¢');

e (2) expressing G in terms of radial eigenfunctions fz(p) and the corresponding
angular spectral GF, gy3(¢, ¢').
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I11.2 Constituent 1D Problems
Eigenvalue Problem in the ¢p—Domain

Referring to Chapter 2 Section V.3 the angular-domain eigenvalue problem in
(2.91),

dg?
is a special case of the generic Sturm-Lioville problem in (2.128), with p = w =
1,q = 0, subject to

2
( L /\¢a> foa(0) =0 Apo = K2, (4.138)

Joa=0at ¢ = 1. (4.139)

For simplicity (without loss of generality) we set ¢ = 0, ¢o = ¢. This renders
the ¢—domain problems here identical in form with the z—domain problems in

Section II.2:
foa(9) = \/zsin KoaBs Kon = — = v/ Aab. (4.140)
®o %o

From Chapter 2 Section VI.1, it follows furthermore that the eigenfunctions
fsa(@) form the orthogonal set with the completeness relation:

Z foa(0) f1a(8). (4.141)

Spectral Green’s Function Problem in the ¢-Domain

By referring to I1.2, with the present notation (recalling that p =w =1,¢ =0 in
(2.128)), one observes that the angular spectral GF defined by

d2
<d¢2 + Aw) 9o(d, 95 00) = =0(0 = &), Ao #Apa (4142)

for 0 < ¢ < ¢y, has the solution (see (4.16)),

sin(ky¢<) sin[ky(do — ¢>)]

Gy(6,9's ) = _ . ke =V, 4.143
(0,95 Ag) Fop 510 (koh0) o 6 (4.143)
which exhibits the same convergence behavior as the GF in Section I1.2, in the
complex As—plane. The corresponding completeness relations in (4.19) and (4.21)
become

56— &) = % f (00 20) o = 3 fl ). (414

where Cy denotes a contour which encloses all of the pole singularities of g4 in
the complex Ag—plane. The reduced form in (4.144) agrees with (4.141).



152 Two-Dimensional Domain, Ch. 4

I11.3 Eigenvalue Problem in the p—Domain

Referring to Section V.3 in Chapter 2, the z-independent version of (2.121) for
the 2D (p, ¢) domain implies k, = 0, and the resulting Bessel’s equation becomes,
2

in the SL format of (2.128) (u — p,p — p,q — _Tk",w — f%),

o 0 k
<6pp8p + k’op — ;;ﬁ> fg(p) = 07 kiﬁ = )‘pﬁ (4145)

for p1 < p < pa.
Equation (4.145) is satisfied by a combination of any two linearly independent
functions of the form

1) = Zelkop) ky =/ | (4.146)
where Z, stands for any of the following Bessel solutions
2.(9) = 1), N,(2), HV(2), HP(9) (4.147)

which represent, respectively, the Bessel, Neumann, and first or second—kind Han-
kel functions of order 7 and argument (2. Here, the argument is specified as
£2 = kop and the order 7 = 7 = k,3 is the eigenvalue. To satisfy the boundary
condition fz(p) =0 at p = p1 2, the solution can be constructed as follows:

fs(p) = Ag [Jz(kop2) N=(kop) — Nz (kop) J=(Kop2)] T =kps = o5,
(4.148)
where Ag is an as yet unspecified normalization constant, and the eigenvalues k3
are determined implicitly via the resonance condition,

J;—(lﬂopl)Nf(k‘opQ) — N;—(kopl)Ji-(k‘opg) =0 6 = 1./ 2, e (4149)

Referring again to Sturm-Liouville theory in Section VI.1 in Chapter 2, and
recalling the interpretation of (2.128) (preceding (4.145)) for the present problem,
yields the orthonormality condition with respect to the weight function w —
—1/p (cf. (2.145)),

- [ 5o oo = 8,5 (4.150)

1

where (3 and B are two unequal eigenvalues, and the normalizing constant Az in
(4.148) has been chosen according to (2.144). The completeness relation

—pd(p—p) Zfﬁ )50 (4.151)

follows from (2.154).
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IT1.4 Spectral Green’s Function Problem in the p—Domain

The generic p-domain spectral Green’s function problem is defined in (2.165) and
differs from the eigenvalue problem in that the radial wavenumber k, is a free
parameter which can range throughout the complex k,(= /A,)-plane,

o 0 k2
(appap + kop — ;’8) 9P P X)) ==0(p—p),  m<p<p (4152)

away from the eigenvalues, i.e., k, # k,g. The solution in (2.187), within the
present format, becomes

, (4.153)

where

£ (p) = o (kop)No(kopr) — Ny (kop) Jo(kopr), 7= kp = /A, (4.154)

and
[ (p) = Jr(kop) Nz (kop2) — Nr(kop) J-(kops) - (4.155)

These wave functions satisfy the homogeneous Bessel equation and the boundary
conditions at p = p; and p = ps, respectively. The Wronskian in (2.186) becomes

W) =p {? 0 7 (0T () T <p>] , (4.156)

where the prime denoted the p—derivative with respect to the argument. The
completeness relation in (2.203) becomes

—p'é(p—p) = %]ﬁ 90(p, ' Mo)dp = falp) f5(p') - (4.157)
P B

In the generalized completeness relation (4.157), C, denotes a contour which
encircles all of the pole singularities of g, in the complex A, plane. Reducing
(4.157) through residue evaluation of the contour integral, one obtains (4.151).

IT1.5 Two—Dimensional Green’s Functions: Alternative
Representations

Angular Eigenfunctions, Radial Spectral GF

The angular eigenfunction expansion of the Two—dimensional Green’s Functions
(2DGF) defined in (4.137) takes the form
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Glp, ¢, ¢'s ko) = me ) Fia(@)9,(p: 7' Aper) (4.158)

with A\, = k2 — %. To verify the validity of this expansion, substitute (4.158)
into the left-hand side of (4.137), interchange the order of summation and differ-
entiation, use (4.138) and (4.142) to eliminate the ¢—derivatives, use (4.145) and
(4.152) to eliminate the p—derivatives, and use (4.140) to obtain the expression on
the right—hand side of (4.137). The format in (4.158) implies guided propagation
of the a—indexed angular modes along the p—domain radial waveguide.

Radial Eigenfunctions, Angular Spectral GF

The radial eigenfunction expansion of the 2DGF in (4.137) takes the form

G(p, &3/, ¢s ko) = ng 96 (0, &5 Ags)- (4.159)

Verification of this expansion can be performed by following the analogous se-
quence of steps described in Section III.4. The format in (4.159) implies propa-
gation of the f-indexed radial modes along the ¢-domain angular waveguide.



References

[1] R. F. Harrington, Time Harmonic FElectromagnetic Fields.  New York:
McGraw-Hill, 1961.

[2] R. E. Collin, Field Theory of Guided Waves. New York: IEEE Press, 1991.

[3] J. A. Kong, Electromagnetic Wave Theory. Singapore: John Wiley & Sons,
1986.

[4] T. Rozzi and M. Mongiardo, Open Electromagnetic Waveguides. London:
IEE, 1997.

[5] B. Friedman, Principles and Techniques of Applied Mathematics. New York:
John Wiley & Sons, 1956.

[6] ——, Lectures on Applications-Oriented Mathematics. New York: John
Wiley & Sons, 1969.

[7] D. G. Dudley, Mathematic Foundations for Electromagnetic Theory. New
York: IEEE Press, 1994.

[8] J. R. Wait, Electromagnetic Wave Theory. Singapore: John Wiley & Sons,
1987.

[9] ——, Wawes Propagation Theory. New York: Pergamon Press, 1981.
[10] ——, Electromagnetic Waves in Stratified Media. ~New York: Pergamon
Press, 1970.

[11] L. B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves. En-
glewood Cliffs, NJ: Prentice Hall, 1973, Piscataway, NJ: IEEE Press (classic
reissue), 1994.



5

Network Representation of Electromagnetic
Fields

I Introduction

In the previous chapters we have introduced Maxwell’s equation and relevant
representations of the Green’s functions. The purpose of this chapter is to estab-
lish the transition to numerical field computations and to introduce the various
possibilities arising for network representations.

First we need to pass from functional relationships to their discretized form. To
this end, as customarily, we apply the moment method discretization, which is
briefly recalled in Section II. Then we move to central part of this book, i.e. the
rigorous representation of field problems in terms of networks.

As we have discussed in Chapter 1, complex electromagnetic structures may be
decomposed into substructures by separating the corresponding spatial domain
into subdomains joined by common surfaces which represent the connection net-
work. Comparing a distributed circuit representing an electromagnetic structure
with a lumped element circuit represented by a network, the spatial subdomains
may be considered as the circuit elements whereas the complete set of boundary
surfaces separating the subdomains corresponds to the connection circuit. Each
subdomain, either of finite or infinite extent, may be rigorously characterized by
networks.

For a systematic approach to electromagnetic field computations in complex struc-
tures we divide the geometrical domain into subdomains connected via interfaces.
In this way, the task of electromagnetic field computations is separated essentially
into:

Characterization of individual subdomains
Description of the topology, i.e. of how the subdomains are connected to one
other

e Solution of the relative network equations

The problems arising at a connection surface have received attention in the lit-
erature: In [1] it has been shown that proper care has to be used in order to
avoid relative convergence phenomena when selecting the modal basis at the two
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sides of a step discontinuity. In the context of the mode-matching technique some
important properties of waveguide junction generalized scattering matrices have
been discussed in [2] and are confirmed by the present approach. Finally, in [3],
it was realized that the voltages and currents expressing the amplitudes of the
transverse components of the electric and magnetic fields at the interface dis-
continuity have to satisfy Tellegen’s theorem and properties of the normalized
generalized scattering matrix were stated [4,5].

In the present chapter, in Section III, we show that the connection network,
i.e. the network representation of the transverse field continuity at a connection
interface, does not admit an immittance representation, since it does not store
any energy. In addition, in Section III.1, we provide criteria for choosing primary
and secondary fields at an interface. Finally, in this section, we also introduce
canonical representations for the connection network.

The connection networks establish the topology and connect various subdomains.
The latter can be either of finite extent or of infinite extent. The two cases deserve
separate discussion. In Sect. IV we introduce the network representations avail-
able for closed regions, i.e. regions of finite volume. We first consider the general
case of a certain volume bounded by a surface. The field inside of this volume
can be expressed in terms of the resonant modes, i.e. of the three-dimensional
vector eigenfunctions. This resonant mode expansion leads, after discretization,
to canonical Foster representations and relative network representations. As a
more specific case, the finite volume region can exhibit a particular symmetry
that suggests the use of a propagating Green’s function in one dimension and
an eigenfunction expansion in the other two dimensions. Naturally in this case
the network representation along the propagation direction is described in terms
of transmission lines. It is therefore noted that the theory of alternative Green’s
function representation provides also alternative network representations. Natu-
rally, a transmission line can be expanded in terms of circuit elements which is
also discussed in this section. It is therefore apparent that, in the case of regions
(subdomains) of finite volume we have always at least one possibility of deriving
the network representation (via the resonant mode expansion) and, when symme-
tries are present, we can also establish several different networks representations.
In the next Section, Sect. V we consider regions that extend up to infinity and,
as such, are of infinite volume. For these regions it is not possible to introduce a
resonant mode expansion. But, by using radial transmission lines, it is possible
to establish rigorous network representations. For example, for objects in free—
space we can think of a spherical surface containing these objects. We can then
perform a field expansion on the spherical surface in terms of the eigenfunctions
corresponding to the finite angular domains (discrete sums). The spherical trans-
mission lines for each spherical mode expansion will now represent propagation in
free—space. Naturally, Cauer expansion of the spherical transmission line provides
the network representation in terms of circuit elements.
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The previous separation of a general field problem into different regions and
connecting surfaces and the associated network representations allows systematic
solution of field problems. A possible way for such systematic solution is described
in Sect. VI. While several other methods of solution are possible the Tableau
methods resembles what is done in circuit analysis thus making the analogy
between field and circuit problems even more effective.

One of the advantages of the proposed approach is that it permits use of dif-
ferent numerical methods in the various subdomains. As a consequence, at each
side of a connection surface between adjacent subdomains, we may need to con-
sider different types of expansions for the electric and magnetic field tangential
components. For example, one subdomain can be characterized by using modal
techniques, i.e. by considering an eigenfunction basis, while the adjacent subdo-
main can be described by using an integral equation formulation which employs a
pulse expansion as a basis. Use of different basis functions has been considered in
the past when interfacing purely numerical methods with entire domain bound-
ary conditions; in [6], a modal absorbing boundary condition has been introduced
for TLM whereby the inner domain computation was performed by considering
a TLM mesh while modal propagation was implemented in the outer domain (a
waveguide section). In [7] a waveguide structure was studied and subdivided into
two regions, one region being analyzed by modal techniques and the other char-
acterized by finite differences. In these first attempts the interface problem was
solved in a heuristic way, without providing a general and systematic solution.
The approach discussed in this book makes it clear that it is possible to system-
atically derive such hybrid methods and the associated network representations.

IT Method of Moments

R. F. Harrington has presented in [8] a unified approach to the numerical treat-
ment of field problems by applying the method of moments (MoM). The use of
MoM to discretize electromagnetic fields and the availability of high-speed com-
puter allow to reduce the functional equation formulation of an electromagnetic
scattering problem into a matrix equation suitable for computer processing. A
possible distinction is also feasible between direct and iterative (indirect) MoM.
Refer to [8, pp.1-20], [9, pp.7-36], and [10, pp.1-66], for further interesting read-
ings.

Linear field problems are expressed in operator form as

L(u)F(u) = S(u) (5.1)

where L(u) represent a linear operator, S(u) is a known function (or source),
and F(u) the unknown field. As an example we may establish an equation of the
type Z (J) = E with Z an impedance operator, J the unknown current and E
the known (forcing) electric field; or we may deal with an equation of the type
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Y(E) = H where Y is an admittance operator, E is the unknown electric field
and H is the known magnetic field.

In order to numerically solve the above equation it is common practice to make
use of the method of moments, described in the classic reissue [11]. Therefore in
the following we provide just a minimal description of the method of moments
while we suggest the interested reader to refer to the original source.

From now on we use the following definition of the inner product

u2

(F.F) = / F(w)w(u)F(u) du, (5.2)

1

where F'(u) and F(u) are two functions of v and w(u) is a generic weight function.
When the operator L(u) becomes the SL of (2.127), then the weight function is
that relative to the SL operator. Note that, with respect to (2.130), in (5.2) the
complex conjugate has been used. From now on the u dependence is not explicitly
written in the inner products.

Let us now consider (5.1) and apply the inner product of this equation with
testing functions w,. In the context of the method of moments (MoM) approach
the functions w, are often referred to also as weighting functions. By taking NV
measurements we obtain the N equations

(Wa, LF) = (w,,S), a=1,2,...,N. (5.3)

Let us now look for an approximation of the function F' as a linear combination
of suitably selected basis functions, or expansion functions, Fj, with unknown
amplitude coefficients Ag

F(u) =" AgFs(u). (5.4)
B

In the above formula it is common practice to use the same number of basis
functions as the number of measurements, although the problem may be solved
by a least squares approach when different numbers of basis and testing functions
are selected. When selecting as testing and expansion sets the same basis the so-
called Galerkin method, which is discussed next in Section II.1, is obtained. By
inserting (5.4) into (5.3) yields

> Ag(wa, LFp) = (wa,S), a=1,2....N (5.5)
B

By introducing the matrix elements
Log = (wa, LF3) (5.6)

of the linear operator L and the expansion coefficients
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So = (W, S) (5.7)
of the function S yields the linear system of equations

ZLQBAB = Sa (58)
B

for the determination of the unknown expansion coefficients Ag of the function
F(u). Truncating the series expansions with « = 1...N and § = 1...N yields a
finite-dimensional linear system of equations. With the vectors

S=1[S, ,Sn" (5.9a)
A=[4, - Ay (5.9b)
and the matrix
- Ly -+ Lin
L=| : .. (5.10)

Lyy--- Ly
we obtain the linear system of equations in matrix notation

LA=S. (5.11)
The solution of the linear system of equations (5.11) yields

A=Ls. (5.12)

I1.1 Expansion Set

The functions constituting the expansion should be complete, i.e. they should
be able to reconstruct whatever type of function. In particular completeness is
synthetically expressed as the ability of representing a delta function.

Another important point is that no member of the expansion set should be in
the null space of the operator L. In fact if a function F is such that LF = 0, this
function F can be added with arbitrary amplitude to a solution F, hence making
the solution not unique.

Expansion sets may be made by entire-domain basis functions and sub—domain
basis. Both choices have some advantages and disadvantages.

Subsectional Basis Functions

We consider two of the simplest class of subsectional basis functions, namely the
Dirac delta function and the family of piecewise polynomial interpolation (or
spline interpolation).
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Fig. 5.1. Examples of subsectional basis functions.

Dirac Delta Function

In order to avoid difficult evaluation in integration, the Dirac delta function (see
Figure 5.1(a)) is sometimes employed as testing function. Such a procedure is
known as point matching

Splines

The members of the B-spline (bell-spline) family can be generated by the convo-
lution integral,

1
B, (z) = B,_1(x) * ZBl(r)
1 (2
-3 s Bn_1(z — 2')dx’, (5.14)

where A is the size of subsection. The first member, i.e. B-spline of degree 1 is
the pulse function (see Figure 5.1(b)),

1 for z;<x <z,
Bi(z) = (5.15)
0 otherwise
while the second member is the triangle function (see Figure 5.1(c)),
Tr — T;—
m Ti1 < T <5
= Xit1 =T ) )
BQ(I) Tit1 — Ti T <T < Tjgq - (516)
0 otherwise

Pulse functions have limited support and are orthogonal to each other; a pulse
functions expansion produces a piecewise-constant representation. Triangle func-
tions are not orthogonal since they overlap between two adjacent subsections,
sharing each subsection with the adjacent triangle functions. By superimposing
triangle functions along the entire domain of interest, a global piecewise-linear
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approximation is achieved. However, they can only ensure continuity of the func-
tion they represent, but not of the derivative. If continuity of higher derivatives
is required, splines of greater degrees and other interpolation polynomials such as
the Lagrangian or Hermitian polynomials have to be used [12, pp.192-196], [13,
pp-327-368].

The use of wavelet functions, e.g. Haar, Battle-Lemarie, Daubechies wavelets
etc. as basis functions has been implemented with certain amount of success in
recent years. Because of their oscillatory nature and orthogonal (or biorthogo-
nal) properties, wavelets produce sparse matrices which may offer computational
advantages.

Entire-Domain Basis Functions

Well-known examples of complete and orthogonal entire-domain basis functions
are the eigenfunctions of the Helmholtz equation for a given domain. As an
example the entire-domain functions most suitable for describing the fields in
a waveguide are in fact the transverse electric and transverse magnetic modes
which compose of harmonic (or sinusoidal) functions. Similarly, suitable func-
tions for describing fields in free space are the spherical modes which are made
up of spherical Bessel’s functions and spherical harmonics. In bounded or peri-
odic regions, entire-domain basis functions especially eigenfunctions are generally
preferred for the sake of fast convergence.

Eigenfunction Expansion

The eigenfunction expansion set satisfies the following equation:
Lfa=Xafa (5.17)

with f, and A\, denoting eigenfunctions and eigenvalues, respectively. By expand-
ing the unknown function F' in terms of the eigenfunctions we get

F =Y Asfs (5.18)
B
which, after substitution in (5.1),
> Aghsfs = S. (5.19)
B

After testing the above equation with the eigenfunction f, and assuming them
orthonormal (fg, fo) = ds, We have

-3 5o (5.20)

It is probably already apparent from the above brief description that the eigen-
function expansion, also called spectral expansion, provides a significant insight
in the field problem solution.
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Galerkin’s Method

Of special mention here is the Galerkin’s method which employs identical basis
and testing functions, i.e. Fzg = wy. Existing numerical MoM codes based on
Galerkin’s method yields numerical results more accurate and with better con-
vergence than other choices of basis and testing functions as mentioned in various
references as [14, pp.33-36] and [10, pp.40-48].

As shown in [10, pp.41-46], the prevalent choice of Galerkin’s method can be
attributed to its following properties:

e When the inner product is used for evaluation of the matrix elements, energy
is conserved in the approximated solution and the method is in fact equivalent
to Rayleigh-Ritz variational method.

e When the symmetric product is used, reciprocity is preserved in the approxi-
mation.

e When real-valued basis functions are used, both reciprocity and conservation
of energy are preserved in the approximation.

e Since the basis and testing functions are identical and obviously in the same
spatial domain, one can circumvent the problem of source singularity inherent
in MoM integral equations by exchanging the integral and differential opera-
tions.

One should also take note that Galerkin’s method will converge to the exact
solution for the continuous operator equation if the basis functions are orthogonal
and complete in representing F' and S over the same spatial domain. It does not
necessarily lead to a zero-residual solution, if any of the mentioned properties of
the basis functions is not met.

IIT Regions of Zero Volume: the Connection Network

With reference to Figure 5.2, the boundary separating region R, from region Ry
is a connection interface, i.e. a region of zero volume; it has two sides By, and
Bie, to be denoted by Greek letters o, 5. By referring directly to the transverse
electric and magnetic field components E?,Ef and H?,Hf, at boundaries «
and (3, we may express the continuity relationships as

ES =E7, (5.21a)
HY=HY. (5.21b)

IT1.1 The Connection Network

Let us consider the fields as expanded on finite orthonormal basis function sets;
the assumption of orthonormal basis can be readily removed, if necessary, and
is introduced to simplify notation. We consider a set of expansion functions of
dimension N, on side « and a basis of dimension Ny on side (.
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Fig. 5.2. The boundary separating regions Ry and R,. This boundary can be
considered as the surface of a region of zero volume placed between regions R
and R,.

Expansion of the Transverse Electric and Magnetic Fields

Subject to the above assumption, we may write the transverse field expansions
as

- Z Vel (p), (5.22a)

N

Zvﬁ 5y (5.22b)
= Z I°h%(p), (5.22¢)

Z I°K5 (p (5.22d)

where the fields are approximated by finite expansions. The vector fields €5 (p)
and hS(p), € = a, 3, are the selected basis functions for electric and magnetic
fields. Moreover, V5 and IS, ¢ = a, 3, denote the field amplitudes of the elec-
tric and magnetic fields, respectively. They are conveniently grouped into the

following arrays for the expansions coefficients of the electric field (voltages),

Vi vy
Vo Vﬂ
ve=| 2|, vi=|" (5.23)
o 5
VN. Vi,

and for the magnetic fields (currents),
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Ie iy
Ie &
=2, =7 (5.24)

leading compactly to
ve 1«
A o2

I11.2 Tellegen’s Theorem for Discretized Fields

We start by considering the expression for power (2.58):

E'(p,t')x H'(p,t") - ndA =

oV
No No
VeI (t") / €2, x he - ndA+
;; av (5.26)
Ng Ng
DD vl / el x hY-ndA = 0.
n m 2%

By introducing the matrix A with elements
NS, = / €5, x h, - ndA, (5.27)
av

with £ standing for either « or 3, the general form of Tellegen’s theorem is
VT A'(t) = 0. (5.28)

In general it is convenient to consider orthogonal electric and magnetic field
expansions; when this is not the case a suitable orthogonalization process can be
carried out providing an orthogonalized basis. In that case the Tellegen’s theorem
takes the standard form

VIt = 0. (5.29)

I11.3 Testing of the Field Continuity Equations

The discretized form of the field continuity equations in (5.21a) and (5.21b) is
obtained by introducing suitable weighting functions w¢, for the electric field
and w", for the magnetic field, which, after insertion of (5.22b) and (5.22d) into
(5.21a) and (5.21b), provide the following two sets of electric and magnetic field

continuity equations,
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Na Ng
D Vien wy,) =Y Vel wh,) (5.302)
Na Ng

D oIk, wh) =Y LR wh) (5.30D)

Introducing the four matrices 57 E, E, D whose element are defined as

Apm = (en, w5, (5.31a)
B = (€l w5,), (5.31b)
Coum = (hZ,Wh) (5.31c)
Dy = (B2, wl) (5.31d)

permits writing the discretized electric field continuity equation as the Kirchhoff
Voltage Law (KVL) for the connection network

~ 1 [ve
A -8 [Vﬁ} ~0. (5.32)
Similarly, discretized magnetic field continuity leads to
~ 1
[€-B]|,s| =0. (5.33)

which is the Kirchhoff Current Law (KCL) for the connection network.
It is possible to write the above equations in a more compact form by introducing
the matrices K and Q

K=|A-B|, (5.34a)
Q-[C-b|. (5.34D)
yielding for the KVL and KCL, respectively,
KV =0, (5.35a)
QI=0. (5.35b)
I11.4 Independent Quantities

As is well known for networks, not all currents and voltages can be considered
as independent; the dimensionality of V,I being N, + N3, we can choose Ny
independent voltages and N; independent currents as long as Ny +N; = N, +Nj.
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The voltages V and currents | relate to the independent voltages V' and the
independent currents I’ via [15]

1=K I, (5.36a)
v=qQ'V. (5.36D)
I11.5 Tellegen’s Theorem and its Implications
Tellegen’s theorem for the connection network can be expressed either as:
v =o (5.37)
or, by using (5.36b) and (5.36a), in the alternative form
QK' =o0. (5.38)
This latter expression implies that
CA' =DB’, (5.39)

which states the constraints on the matrices R, E, E, D in order to satisfy Tel-
legen’s theorem. This means that the weighting functions cannot be chosen ar-

bitrarily but must satisfy the following equation for the generic pair of indices
n, k,

Na Npg
> (wh, k) (e, wi) = (wh, ki) e, wy) . (5.40)
m m

Application of Tellegen’s theorem to the connection network thus yields the fol-
lowing result: the weighting functions for testing the field continuity equations
have to be selected in accordance with (5.40) in order to provide a consistent set
of equations. We shall consider applications of this theorem in some practically
relevant cases.

I11.6 Application to Orthonormal Bases

The orthonormality condition is expressed as

[ efto)-<(pyis = (5.41)

with £ = a or 3, S being the common boundary pertaining to the two expan-
sion sets and dy, being the Kronecker symbol. It is possible to show that, for
orthonormal bases, the Tellegen theorem is always satisfied if we test the electric
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field continuity with the electric field basis on one side and test the magnetic field
continuity with the magnetic field basis on the other side.
By introducing the coupling matrix M whose elements are defined by

Mo = [ (o) €lp)is, (5.42)
s
and the identity matrix I, the following identities hold,
~ ~T ~
MM =1, (5.43a)
M M=1 (5.43b)

thereby satisfying power conservation across the interface.
By using the orthogonality in (5.41) the relationship between voltages and cur-
rents is provided in matrix form by the following expressions

Ve = MV”, (5.44a)
vi=m've, (5.44b)
1= —MI’?, (5.44c)
=M. (5.44d)

Equations (5.44a) and (5.44b) represent voltage-controlled voltage sources while
(5.44c) and (5.44d) represent current-controlled current sources.

Note that the continuity of the electric field is expressed either by (5.44a) or
(5.44b), and the continuity of the magnetic field is expressed either by (5.44c) or
(5.44d). Therefore we need to select, in a consistent manner, two out of the four
equations (5.44a-5.44d). The Tellegen theorem provides the tool for a consistent
choice of the two representative equations as described next.

IT1.7 Canonical Forms of the Connection Network

Choices of primary and secondary fields which do not violate Tellegen’s theorem
are either (5.44a) and (5.44d) where V” and 1 are the primary network quantities
and V*, I’ are secondary network quantities or (5.44b) and (5.44c) for which the
converse holds. According to these choices we may draw the networks shown in
Figures 5.3 and 5.4 respectively, based only on ideal transformers, which satisfy
(5.44b),(5.44c) and (5.44a),(5.44d).

Properties of the Canonical Connection Networks

It is apparent from the canonical network representations that the scattering

L e Te L eet T
matrix is symmetric, S =S, orthogonal, S S = 1 and unitary, SS = 1, where
the 1 denotes the Hermitian conjugate matrix.
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Fig. 5.3. Canonical form of the connection network when using the primary
field vectors V* (dimension N,) and I° (dimension Nj). In this case the sec-
ondary fields are V? (dimension Ng) and 1* (dimension N,). In all cases we have
N, + Ng primary quantities and the same number of secondary quantities. Scat-
tering representations are also allowed and the connection network is frequency
independent.

More Complex Boundaries

We refer now to the bifurcation shown in Figure 5.5 where three different sub-
domains are joined together. In particular, there is an interface which connects
subdomain 1 to subdomain 3, and an interface connecting subdomain 2 to subdo-
main 3. For brevity, we assume that the electric (magnetic) fields at the interfaces
are expanded in terms of suitable basis functions and we express by V' (I') the
vector containing the electric (magnetic) field expansion coefficients relative to
region ¢.

By the same reasoning as in the previous section the connection network for
this interface can be obtained by taking V', V? and I? as independent variables
leading to the canonical network representation in the left side of Figure 5.6. The
other choice of independent variables is I', 1> and V? which leads to the canonical
network shown in the right side of Figure 5.6. Both representations are equally
valid to describe the connection network for a bifurcation. Let us now pass from
a bifurcation to a step discontinuity.
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Fig. 5.4. Canonical form of the connection network when using primary field vec-
tors V? (dimension Ng) and 1* (dimension N,). In this case the secondary fields
are V* (dimension N,) and I” (dimension Nj). In all cases we have Nj + N, pri-
mary quantities and the same number of secondary quantities. Scattering repre-
sentations are also allowed and the connection network is frequency independent.

Connection Network for Region Comprising PEC or PMC

For the step discontinuity, region 1 may be considered filled by a PEC, which has
to be represented by short-circuits. Thus we need to impose the condition V' = 0.
The equivalent network is now the one in Figure 5.6 with the ports pertaining to
region 1 short-circuited.

Thus in the case of the step discontinuity, the independent quantities are V* and
I?, the dependent quantities I* and V? being determined by the equations

V3 =MV?, (5.45a)

P=MP. (5.45b)

This result, which has been here obtained by network considerations, confirms
the one obtained in [2] by a different approach.

IV Network Representations for Regions of Finite Volume

In regions of finite extent it is possible to express the dyadic Green’s functions
in such a way that a network representation is recovered. Two main cases are
possible:
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Fig. 5.5. The bifurcation problem: three regions of space connected at an inter-
face.
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Fig. 5.6. A canonical network for the bifurcation. On the left side V1, Vs and
I3 have been chosen as independent field quantities. On the right side Iy, I, and
V3 have been chosen as independent field quantities.

e The region symmetries suggest a preferred waveguiding direction;
e The region does not present symmetries.

In the first case it is possible to use the dyadic Green’s functions introduced in
Equations (3.77) and (3.78). The application of the moment procedure to these
equations leaves only a transmission line dependence.

In the second case it is necessary to make use of the vector eigenfunction relative
to the region under investigation.

IV.1 Foster Representation of the Transmission Line Resonator

It is possible to specify for any linear passive reciprocal circuit an equivalent
Foster multiport representation. A Foster representation is a canonical circuit



Sec. IV, Network Representations 173

representation in that sense that it realizes a reactance function with a minimum
number of lumped circuit elements. The equivalent Foster admittance multiport
representation or Foster impedance representation may be computed analytically
from the Green’s function. However it is also possible to find an equivalent Foster
representation from admittance parameters calculated by numerical field analysis
by methods of system identification. Let us consider a lossless transmission line
of length [ with characteristic impedance Z; and propagation speed ¢, which
is short-circuited at one end as depicted in Figure 5.7. This short-circuited
transmission line is a reactive oneport. By using standard transmission line
analysis we may write for the input impedance Z and for the input admittance Y:

!
Z=jX = jZytan (5.46a)
C
. J wl
Y =jB=—LcotZ. 46b
j ZOCO . (5.46b)

We introduce the angular frequency

w = 7r§ (5.47)

which allows to rewrite (5.46a) and (5.46b) as

7 =3X =jZ, tan7ri7 (5.48a)
w1
. J w
Y =jB=—2< cotm—. .48b
j Z co ﬂ'w1 (5.48b)

Figure 5.8 illustrates the frequency dependence of the reactance X and the sus-
ceptance B.

Zw
O
7 ——>
O
le N
[ 1 |

Fig. 5.7. Transmission line of length [ short-circuited at one end.

In order to obtain the equivalent circuit for the short-circuited transmission line
we perform a Mittag-Leffler expansion [16] of tan T and cot T respectively
and obtain
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Fig. 5.8. (a) Frequency dependence of the reactance X and (b) the susceptance
B of the short-circuited transmission line.

20 1

tanmr = — _— (5.49a)
R Ty
1 22 1

cot mr = E + ?; m (549b)

After inserting the above expansions into (5.48a) and (5.48b) respectively it fol-
lows

2w 1
7 =jZ—"> - - (5.50a)
T - (2)
‘ 20 1
P A TR e . (5.500)
Zo | mw - Twy (i) 2
w1

and from this, by rearranging the expressions, we have

7 - f: LI (5.51a)

1 )
n=1 ] w—= _ 1 (nii) w1
2w1Zy w 270

1 - 1
Y =—7p+ : (5.51b)
Bt o - ]

If we now introduce the following quantities:
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™

= 52
p QWIZO ’ (5 5 a’)
Z, Z
Ly = 220, = 20 (5.52b)
w1 20.}1
27,
Lpn = ———5—, (5.53a)
(n—3) 7w
2
Cop = —— 5.53b
n2mw 2, ( )
a3
Wopn = ———— = [ n— = | wy, (5.54a)
! CyLpn 2
1
= ——— = 5.54b
o = Lo, (5:540)
we obtain
Z=> ———— (5.55a)
n=1 J (wcp — m)
1 = 1
Y= — Sy — (5.55b)
JwLo j (wLS -4 )

These fractional expansion representations are called the Foster representa-
tions [17,18]. The Foster impedance representation, also called Foster representa-
tion of the first kind, given by (5.55a) describes the series connection of an infinite
number of parallel resonant circuits with resonance frequencies given by (5.54a),
whereas the Foster admittance representation, also called Foster representation
of the second kind, (5.55b) describes the parallel connection of an infinite number
of series resonant circuits and one inductance Ly where the resonant frequencies
of the series resonant circuits are given by (5.54b). The corresponding equivalent
circuits are the Foster equivalent circuit of the first kind shown in Figure 5.9a
and the the Foster equivalent circuit of the second kind shown in Figure 5.9b.
For lossy transmission lines we have to add loss resistors in the equivalent circuits.
In the case of Figure 5.9a we have to add a loss conductor in parallel to each
parallel resonant circuit, and in the case of Figure 5.9b we have to add a loss
resistor in series to each series resonant circuit. Considering a transmission line
resonator at frequencies wpp, or wps, in the neighborhood of one pole of the
reactance function allows to neglect all poles with the exception of the pole under
consideration. By this way the equivalent circuit may be reduced to a single
resonant circuit describing the pole under consideration. Figure 5.10 shows the
corresponding equivalent circuits consisting of a single parallel or series resonant
circuit respectively.
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Fig. 5.9. Equivalent circuits of the lossless transmission line resonator (a) ac-
cording to (5.55a) and (b) according to (5.55b).
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Fig. 5.10. Equivalent circuits of the lossless transmission line resonator (a) near
a parallel resonance and (b) near a series resonance.

IV.2 Green’s Function and Multiport Foster Representation

We now consider a domain R,, with the tangential electric and magnetic field
components on the boundary R, given by E; and H;. These tangential field
components are related via

E,(r,w) = Z(r,r' w)Hy(r,w)dA (5.56)
ORn

or
H,(r,w) = Y (r,r' w)Ei(r,w)dA, (5.57)
R
where Z(r,r,w) and #(r,r',w) are the dyadic Green’s functions in the
impedance representation or admittance representation, respectively. The Green’s
functions Z(r,r',w) and # (x,r',w) are given by [19]

Z(r, 7 w) = 7550 (r,7) + ij SN () (5.58)

w? — W}

and
W2

Y r,r') . (5.59)

Y(r,r w) = —@0 (r,r") + ij

2
w? —w}
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The dyadics Z°(r,r') and #°(r,7') represent the static parts of the Green’s
functions, whereas each term Z*(r, ') and Z*(r, '), respectively, corresponds
to a pole at the frequency w.

We discretize (5.56) and (5.57) by expanding the tangential fields on IR, into a
complete set of vector orthonormal basis functions. These expansions need only
to be valid on OR,,,

Ey(r,w) = Y Ey(w)u,(r), (5.60a)
Hy(r.w) = > Hy(w)va(r). (5.60b)
The vector basis functions u,(r) and v, (r) fulfill the orthogonality relations
[ i) ) A= . (5612
ORn
/ U:rz(r) . Vn(”') dA = 6mn - (561b)
Ry

Furthermore the two sets of vector basis functions w,(r) and v,(r) are related
via

(r) x u,(r), (5.62a)
(r) X v,(r), (5.62Db)

v,(r) = n
u,(r) = n
where n(7) is the normal vector on 9R,,. The expansion coefficients E,, and H,
may be considered as generalized voltages and currents. From (5.60a) and (5.60b)
and the orthogonality relations (5.61a) and (5.61b) we obtain

E,(w) = /BR ul(r) - Ey(r,w)dA, (5.63a)
H,(w) = /(m vi(r)  Hy(r,w)dA. (5.63b)

If the domain (V) is partially bounded by an ideal electric or magnetic wall E, or
H, respectively vanish on these walls. If the independent field variable vanishes
on the boundary, this part of the boundary does not need to be represented by
the basis functions. If only electric walls are involved, the admittance represen-
tation of the Green’s function will be appropriate, and if only magnetic walls are
involved, the impedance representation will be appropriate. Let us consider the
domain in Figure 1.1. In this case, the main part of the boundary (0V) is formed
by an electric wall. Only ports 1 and 2 are left open. Choosing the admittance
representation, we only need to expand the field on the port surfaces into basis
functions. Applying the moment method, we obtain
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Zmn(w) = / ul(r) - Z(r,r' W) -v,(r)dA, (5.64a)
ORn
Yin(w) = / v (r) - Z(r, v w) u,(r)dA. (5.64b)
R

Then from (5.58) and (5.59
mittance matrix terms Y,

, the impedance matrix terms Z,,,(w) and the ad-
w) may be represented by

)
(

1 1 2
Zpn(w) = =20, + S ———2A (5.65a)
Jw T Iwwt —w
1 1 w?
Yin(w) = —y9 —_——y 5.65b
(W) 7o Ymn Z]w o3 Y (5.65b)

IV.3 The Canonical Foster Representation of Distributed Circuits

For a linear reciprocal lossless multiport an equivalent circuit model may be spec-
ified by the canonical Foster representation ( [20], pp. 197-199), [17]. Figure 5.11a
shows a compact reactance multiport describing a pole at the frequency wy. This
compact multiport consists of one series resonant circuit and M ideal transform-
ers. The admittance matrix of this compact multiport is given by

with the real frequency-independent rank 1 matrix A A given by

T

2
N1 SN Ny Na1Tx2 NMAINA3 - .. NN
2
UV UV TixaTixy Mo MA2MA3 - .. T2NIAN
~ 2
A, = | ™3 723 = | Tasnal M3z Mg - 3N | L (5.67)
2
NN NAN NANTIXT TIANTIN2 TIANTING - .- TN

The ny; are the turns ratios of the ideal transformers in Figure 5.11a. Figure 5.11b
shows a compact reactance multiport describing a pole at the frequency w = 0.
The admittance matrix of this compact multiport is given by

~ 1~
Yo

= ol 0, (5.68)
where Ro is a real frequency independent rank 1 matrix as defined in (5.67) If
the admittance matrix is of rank higher than 1 it has to be decomposed into a
sum of rank 1 matrices. Each rank 1 matrix corresponds to a compact multiport.
The complete admittance matrix describing a circuit with a finite number of poles
is obtained by parallel connecting the circuits describing the individual poles. In
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Fig. 5.11. A compact series multiport element representing a pole a) at w = wy
and b) at w = 0.
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the Foster admittance representation, the admittance matrix ?(w) is given by
N 2

S 1 -~ 1 w ~
Y = A — ——A,. .
w) jwLy ° + ; JwLy w? —w? A (5.69)

This admittance matrix describes a parallel connection of elementary multiports,
each of which consists of a series resonant circuit and an ideal transformer. Fig-
ure 5.12 shows the complete circuit of the Foster admittance representation.
There exists also a dual impedance representation where elementary circuits con-
sisting of parallel resonant circuits and ideal transformers are connected in series.
Figure 5.13a shows a compact reactance multiport describing a pole at the fre-
quency wy. This compact multiport consists of one parallel circuit and M ideal
transformers. The impedance matrix of this compact multiport is given by

1 w? o=

Z\(w) = B, (5.70)

GO w2 — W2
JwCy w? — wy

with the real frequency independent rank 1 matrix B A given by

T
2
SN USNY N1 Na1Ma2 MA1ITA3 ... NIXITIAN
2
2 N2 Nx2Mx1 Mo TX2NA3 ... NA2TNN
= 2
By, = | ™3 N3 = | Pasla1 N3Nz Mg .- TN [ (5.71)

2
AN nAN NANTINT ANTIN2 TIANTINS - - TN
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Fig. 5.12. Foster admittance representation of a multiport.

Figure 5.13b shows a compact reactance multiport describing a pole at the fre-
quency w = 0. The impedance matrix of this compact multiport is given by
~ 1 ~

Z, = B
0 ]CUL() 05

(5.72)

where By is a real frequency independent rank 1 matrix as defined in (5.67). The
complete impedance matrix describing a circuit with a finite number of poles is
obtained by series connecting the circuits describing the individual poles. In the
Foster impedance representation, the impedance matrix Z(p) is given by

N 2

= 1 = 1 w ~
Z = B —F ——B 5.73
() jwCy " * ,\Z:; JwCy\ w? — Wi A (5:73)

Figure 5.14 shows the complete circuit of the Faster impedance representation.

V Regions Extending to Infinity: Radiation Problems

Let us assume the complete electromagnetic structure under consideration embed-
ded in a virtual sphere S as shown in Figure 5.15. Outside the sphere free space is
assumed. The complete electromagnetic field outside the sphere may be expanded
into a set of TM and TE spherical waves propagating in outward direction. In
1948 L.J. Chu in his paper on physical limitations of omni—directional antennas
has investigated the orthogonal mode expansion of the radiated field [21]. Using
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Fig. 5.13. A compact parallel multiport element representing a pole a) at w = wj
and b) at w = 0.

the recurrence formula for spherical bessel functions he gave the Cauer represen-
tation [17,20] of the equivalent circuits of the TM,, and the TE, spherical waves.
The equivalent circuit expansion of spherical waves also is treated in the books
of Harrington [18] and Felsen [22].

The TM modes are given by

HIMT =V x (A5 e,) , (5.74a)
. 1 .
EMi — — v x HIM (5.74b)
Jwe

wheren = 1,2,3,4,...,m = 1,2,3,4,...,n,% = e,o0, and j = 1,2. The radial
component A% = of the vector potential is given by

A = af P™(cosB) cosmp hY) (kr) (5.75a)
A% = a% P™(cosf) sinmephW (kr), (5.75b)

where the P™(cos ) are the associated Legendre polynomials and Y )(kr) are the
spherical Hankel functions. The af?,, and a%, are coeflicients. Inward propagating
waves are represented by A (kr) and outward propagating waves are represented
by hg)(kr). Since outside the sphere, for r > rg no sources exist, only outward

propagating waves occur and we have only to consider the spherical Hankel func-
tions hf)(kr).
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Fig. 5.14. Foster impedance representation of a multiport

The TE modes are dual with respect to the TM modes and are given by

E!lMi = v x (Fie,), (5.76a)
. 1 .
HTFI — _ mv x ETME (5.76b)

where n = 1,2,3,4,..., m = 1,2,3,4,...,n,7 = e,0, and j = 1,2. The radial
component F of the dual vector potential is given by

F& = f¢ P™(cos®) cosmep hY (kr), (5.77a)
FO = f9 P™(cos 6) sinme h9 (kr). (5.77b)

where the P (cosf) are the associated Legendre polynomials and Y )(kr) are
the spherical Hankel functions. The f% and f% are coefficients.

The wave impedances for the outward propagating TM and TE modes are given
by
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Fig. 5.15. Embedding of an electromagnetic structure into a sphere.

E* Et+
Z+ _ “mno __ _ Tmny ) 5.78
" Hr;mp H:r_an ( )

The superscript + denotes the outward propagating wave. For the TM and TE
modes we obtain

gHTM _ f—r(rhf)(kr))

! rhE (kr) ( )
) (k
ATE . _j %M (5.79b)
%(Thn (k1))

where n = y/p/e is the wave impedance of the plane wave. We note that the
characteristic wave impedances only depend on the index n and the radius r¢ of
the sphere.

V.1 The Cauer Canonic Representation of Radiation Modes

Using the recurrence formulae for Hankel functions we perform continued fraction
expansions of the wave impedances of the TM modes

_n_ 4 1
jkr 2n — 1+ 1
gkr "2n—3
+
| jkr
ZiM =0 (5.80)

g
FL -
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and the TE modes

oy L

Jgkr 2n =1, 1
Jkr

Z+TE _ TR

(5.81)

These continued fraction expansions describe the Cauer canonic representations
of the outward propagating TM modes (Figure 5.16) and TE modes (Figure 5.17).
We note that the equivalent circuit representing the TE,,, mode is dual to the
the equivalent circuit representing the TM,,,, mode. The equivalent circuits for
the radiation modes exhibit high—pass character. For very low frequencies the
wave impedance of the TM ,,,, mode is represented by a capacitor Cy, = er/n
and the characteristic impedance of the TE,,,, mode is represented by an inductor

Lo, = pr/n. For f — oo we obtain Z}TM  7Z+TE _,

e &
n 2n—3
—

ZTM Loy Hor
mn 2n—1 2n—1

o—_  —— -

Er Er
2n—1 2n"—_5
fhr fr
Dot n3 2n—1 K

Fig. 5.17. Equivalent circuit of TE,,, spherical wave.
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V.2 The Complete Equivalent Circuit of Radiating Electromagnetic
Structures

In order to establish the equivalent circuit of a reciprocal linear lossless radiating
electromagnetic structure, we embed the structure in a sphere & according to
Figure 5.18.

Fig. 5.18. The complete radiating electromagnetic structure.

The internal sources 1 and 2 are enclosed in regions Rz and R4. Region R» only
contains the reciprocal passive linear electromagnetic structure. Region R is the
the infinite free space region outside the sphere S. Ry may be either considered
as a whole or may be subdivided into subregions. If R is considered as a whole
it may be modeled either by a canonical Foster admittance representation ac-
cording to Figure 5.12 or a canonical Foster impedance representation according
to Figure 5.14. If the internal sources are coupled via a single transverse mode
with the electromagnetic structure one port per source is required to model the
coupling between the source and the electromagnetic structure. The radiating
modes in R; are represented by one-ports modeled by canonical Cauer repre-
sentations according to Figure 5.16 and Figure 5.17 respectively. The external
ports of the canonical Foster equivalent circuit, i.e. the ports representing the
tangential field on the surface of S are connected via a connection network as
shown in Figure 5.4.

From the above considerations we obtain for a reciprocal linear lossless radiating
electromagnetic structure with internal sources an equivalent circuit described
by a block diagram as shown in Figure 5.19. This block structure can be further
simplified by contracting the equivalent circuit describing the electromagnetic
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Fig. 5.19. Equivalent circuit of the complete radiating electromagnetic structure.

structure R, the connection circuit and the reactive parts of the equivalent cir-
cuits of the radiation modes into a reactance multiport. This reactance multiport
again may be represented by canonical Foster representations. Now the remaining
resistors 7 are connected to the external ports of the modified reactance multiport
and we obtain the equivalent circuit shown in Figure 5.20.

Source 1 .

Source 2 — .
REACTANCE :
MULTIPORT :

Source k —

Fig. 5.20. Equivalent circuit of the modified complete radiating electromagnetic

structure.

We summarize the result of the above considerations: Any reciprocal linear lossless
radiating electromagnetic structure may be described by a reactance multiport,
terminated by the sources and by one resistor for every considered radiation mode.

VI Solving the Entire Field Problem via Tableau

Equations

VI.1 Primary and Secondary Fields

With reference to Figure 5.21, consider a subdomain R, enclosed by a boundary
B which consists partially of p.e.c. (surfaces S,,) and partially of ports (openings)
extending over surfaces S,. Such subdomains can also extend to infinity and, in
this case, two different possibilities arise, depending on whether the surface at
infinity is considered as a port or as a surface S, where a boundary condition
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is imposed. In the latter case, we assume a Sommerfeld radiation condition for
the fields on this surface. We also assume that, if sources are present inside the
subdomain R, they are contained inside a volume )’ which is enclosed by a
portion of the surface S,; the remaining volume V, bounded by the surfaces S,
S, and, possibly, S, is therefore a source-free region.

Soo eI Tl
/ Sm )

So

/ P p.e.c
/ ) \ 5
/ AT /So
: /
! Sm
: Sm
' - p.e.c

p.e.c BPES
So

Fig. 5.21. A subdomain with openings described by surfaces S, on which primary
and secondary fields are specified; each opening is a port denoted by an index k.
The surfaces S, conform with p.e.c. boundaries and the Sommerfeld radiation
condition is imposed on the surface S,, at infinity.

In order to parameterize the subdomain electromagnetically we introduce on the
ports S, primary fields (input quantities) and secondary fields (output quantities),
denoted by subscripts p and s, respectively. In particular, we denote the tangential
components of primary and secondary fields on a particular port & of subdomain

R by the vectors
(), (). "

The dependence on the two-dimensional vector p tangential to the boundary
surface will be omitted subsequently in the notation unless clarity requires it.
Primary fields are imposed on boundaries S, and generate secondary fields in-
side the subdomain under consideration, the total field in the subdomain being
expressed as the superposition of primary and secondary fields. Secondary fields
may be expressed in terms of primary fields by introducing an operator éjk which
provides the secondary field on port j when only the primary field on port k is
present. In fact, the secondary fields at port j in region R can be written in terms
of the primary fields at the other ports by making use of (2.241) and (2.242)
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<Ej(p>> s / i (v x Giulp.p) jwnCilp, p'>) _ <Ek<p'>>
Hj(p)), =[5, = \—jweGilp,p) V x Gix(p,p)) \Hi(p)),"
(5.83)
In (5.83), ij(p, p') is the appropriate dyadic Green’s function for subdomain R.
It is noted that the electric and magnetic fields on the left side of (5.83) are those
on port, j, while the electric and magnetic fields on right side are those on port
k. Similarly, it is understood that the Green’s function is that pertaining to the
subdomain and that it relates ports 7 and k. The secondary fields generated on

port j when primary fields are present on each of the K ports of the subdomain
R, hence for k =1... K, can be written in terms of the operator G, as

<ffi> B ?;G’*’ (f]l)p - (5.84)

In general, any nonsingular linear combination of electric and magnetic fields can
be considered for primary and secondary fields. Since some problems are more
satisfactorily represented in terms of incident and reflected waves, or in terms
of cascaded unidirectional waves, it is appropriate to denote the primary and
secondary fields by the vectors (Fk) which are obtained from the primary and
secondary fields in (5.84) by the transformation

(Fk:)p) <§11 f12> <Ek)

= 5.85
((Fws én ) \HL (5:85)
with the matrix elements &;; matched to the desired representation. Finally, we

introduce the transformation operators (Tk) which allow (5.85) to be written
p

as
(F k)p (A > E;
= (T : 5.86
<(F k)s F H; (5.86)
Then combining (5.86) and (5.84), we may write the relations between primary
and secondary field state vectors in compact operator form as

(5.87)

with the operator Ojk obtained in terms of the operator éjk as
) . ) L\l
O = (T]) e (Tk) (5.88)
s P

and the superscript (—1) denoting the inverse. These “domain” field relations
are the field analog of “domain” relations in network theory, where circuit ele-
ments are described by their constitutive relations (e.g. resistors, capacitors, etc.)
sometimes also referred to as branch equations.
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VI.2 Choice of Primary and Secondary Fields for a Subregion

From the previous discussion it is apparent that the tangential components of the
electric and magnetic fields on the apertures provide the quantities of interest for
an input-output representation.

For that subregion the state is represented by the field inside the subdomain. For
the moment we postpone the discussion on how to represent the state inside a
subregion. We note, however, that the state is generated by the selected input
variables and, in turn, provide the output quantities.

The selection of the input-output variables can be effected in a variety of ways.
In general, for the subdomain with K ports the relevant field quantities are the
transverse component of the electric and magnetic fields on the apertures:

[E\, Es, ... ,Ey, ... Ex, Hi, Hy, ... Hy, ... Hg]". (5.89)

Half of these quantities may be taken as primary (input) fields, while the other
half forms the secondary (output) field variables. As an example, by selecting the
electric fields as input quantities we obtain an admittance representation (transfer
function) in terms of standing waves of the form:

[H\, H,, ... \Hy, ... ,Hy|" =V -[E\, Es, ... ,Ey, ... . Ex]" . (5.90)

Alternatively we may select the magnetic field variables as primary fields, hence
obtaining a standing wave representation of the impedance type:

[E17E27 7Ek:7 7EK:|T:Z' I:Hlu H27 7Hk:7 7HK}T' (591)

Clearly, several other representations are possible, including the scattering rep-
resentation in terms of incident and reflected waves and the transfer (ABCD)
representations in terms of unidirectional waves.

Finally, it is noted that the above formalism accommodates description of the
subdomain electrical network behavior by direct analogy with its field behavior.
Thus, by using the analogy between tangential electric fields and voltages, and
between tangential magnetic fields and currents, respectively, it is possible to ob-
tain for each subdomain a network description with network elements represented
by operators.

VI.3 A Constraint on the Choice of Primary and Secondary Fields

Concerning the choice of primary and secondary fields for the connection network,
it is immediately apparent from (5.21a) and (5.21b) that we cannot choose the
electric fields, E and Ef , on both sides as primary fields for the connection
network. This choice is not self-consistent, and it does not relate the primary
fields E¢ and E’ to the secondary fields HY and H’. In a similar manner we
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cannot select the magnetic field HY and Hf at both sides as primary fields and
the electric fields E$* and Ef as secondary fields. In other words the connection
network cannot be represented by an admittance or an impedance network, since it
corresponds to a volume of zero measure and does not contain any element which
can either store or dissipate energy, as shown by the field form of Tellegen’s
theorem.

Other constraints on the choice of primary and secondary fields will appear after
we introduce a finite expansion set for discretizing the connection relationships,
as illustrated in the next section.

V1.4 Topological Relationships: Operator Form

An interface between two adjacent regions R, and Ry has two different bound-
aries, which we have denoted by By, and By, one pertaining to region R, and the
other pertaining to region Ry, respectively, as illustrated in Figure 5.2. Generi-
cally, we shall identify with superscripts « the quantities pertaining to the bound-
aries By, separating two regions for which k£ > ¢, and with superscripts § the quan-
tities pertaining to the boundaries By, separating two regions for which ¢ > k.
Accordingly, we reorder the primary and secondary fields as

®,=[ip] - ®.- 5] (59

P s

Adopting this partitioning we have

-GS e

The transverse electric and magnetic fields E; and H; at all the boundaries con-
necting different regions are unique and may be obtained from the primary and
secondary state vectors. Let us introduce the operators C*# which transform the
state vectors into the transverse electromagnetic fields at that boundary. The
following transformations hold on the boundaries «, 3

(F),”

o (F)gﬁ = [Eﬁ] : (5.94)

Invoking continuity of the transverse electric and magnetic fields yields the fol-
lowing relations

(F),
(F),

S

e [op] - ¢

S

=0. (5.95)

The above equations represent the connection relations describing the connection
between the different regions into which the entire problem space has been par-
titioned. Note that (5.95) represents the continuity of the tangential components
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of the electric and magnetic fields and is therefore the field theoretic analog of
the Kirchhoff voltage and current laws. The subdomain relations in (5.93) and
the connection relations in (5.95) together constitute the formal solution of the
entire field problem.

VI.5 The Tableau Equations for Fields: Operator Form

Similar to what is done in circuit theory [15, p. 715], (5.93) and (5.95) can be
assembled in the most general way by using the Tableau representation for the

field problem. In particular, by employing the following form for the operators
o

o[O3 G
ceb = {Aaﬂ Aaﬁ] (5.96)
21 Lo
we may rewrite the entire electromagnetic problem as
O 08 T 5 ] [(F)
Ao HBB 5 T B
o o7 o LN EL) g (5.97)
11 —Q11 12 _C:u (F)%
5 —C5 G, =05 | L(F)]

In (5.97) the first two rows pertain to the subdomain equations while the last two
rows describe the topological relations. In the terminology of circuit theory, the
first two equations represent the branch equations, while the last two equations
express Kirchhoff’s laws.

V1.6 Solving the Entire Field Problem via Tableau Equations:
Discretized Form

Numerical solution of the subdomain and connection equations requires dis-
cretization, for example, representation of the fields on bases which, for numer-
ical implementation, constitute a finite set. It is thus appropriate to distinguish
between the exact field representations of the previous sections denoted, for ex-
ample, by F, and the approximate fields considered in this section for numerical
computations, denoted by F.

To discretize the subdomain and connection equations we proceed in the custom-
ary fashion:

Introduce the expansion function set
Introduce the weight function set
Apply the expansion and weight functions to the subdomain equations to
obtain the multiport networks for the subdomain regions

e Apply the expansion and weight functions to the connection equations to ob-
tain the connection networks between subdomains.
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Although the actual choice of the expansion basis plays a fundamental role with
respect to numerical convergence etc., we are concerned here only with its general
properties, namely that the basis is complete and satisfies boundary, edge and
radiation conditions when necessary.

V1.7 Field Discretization
Expansion Basis Function Set

With reference to (5.92) we expand the fields as

Q

fondpn(P) (5.98a)

=

Q

w3
(F): = %d: Fondpn(P) (5.98D)
(¥) N-S‘ PRFEL AR (5.98¢)

()’ fon %.(p) (5.984)

Here ds,(p) denotes the n-th basis function for the primary fields on the boundary
of type a, and f<, denotes the basis amplitude coefficient. Similar interpretations
apply to quantltles identified by superscripts § and/or subscripts s. In these
equations, because the fields are truncated after a finite number of terms, the
notation is that for approximate fields. Note that both dj, (p) and f, can, in

principle, depend on other vector functions but this will not be pursued further
because it is conceptually straightforward although notationally cumbersome.

Weighting Functions

In directly analogous fashion, we introduce the weighting functions

Pon(p) m=1,...,Ng

ph.(p) m=1,.. N/ (5.99)
pgm(p) m:L...,N? .
p’.(p) m=1,... N/

which are used to test the subdomain and connection relationships.
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Discretization of the Subdomain Equations

By inserting the expansions for the primary fields in (5.98b) into the subdomain
relations (5.93) and testing the resulting equations with p% (p) and p? (p),
respectively, we obtain

Ju, dAPS(0) (B)% ()]
fu dA DL, (p) (F)! (p) |

J5, dAPS () B 0% 0°%) [y f1.d5 (p) (5.100)
o fB@ dA p[sjm(p) Oﬂa Oﬁﬁ ngﬁ flfndg"(pl) . '

Next, we introduce the definitions

t?m:/ dAPS,(P)FS(p), (5.101a)
Ba
tom = / dA P}, (p)F](p) (5.101b)
Bs
and
= [ AW (01078 4 (5.102)

%

with superscripts 7,7 = «, 5. Forming the vectors

t3 | [ t?l
% t
tt=| T |. =71, (5.103)
toNa ] _tfzvsﬁ
B=| " f= Iy : (5.104)
L Z?Npa_ _fﬂNpﬁ_
=, f= fa | (5.105)
[ fén..] v ]

and the matrices
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SR

0{{ 013 ...

091 033 ...
o= ' (5.106)

n
ON,,Ney,

permits writing of the discretized subdomain equations compactly as
2] [e" ™| [f
{ ;} = | ga ~8 g, . (5.107)
t; 0’" o fp

Discretization of the Connection Equations

The connection equations (5.95) are tested by using the weight functions
p;‘m(p),pgm(p) and by expanding primary and secondary fields according to
(5.98b) and (5.98d). As a consequence, (5.95) becomes

Js, 4ADG(0) 0 ] , [Ci’l(p) —C(p) Cii(p) —Chi(p)
0 fo, dA pgm(p) Cgl(p) _Cgl(p) ng(p) _OQBZ(p)

S fo,ds, (p)

SN £8.d8 (p)

S fo.de(p)

SoNes 5.l (p)

Defining the matrix elements

=0.

T = [ AADL (00D )
' (5.108)
and forming the matrices
ciin Ciita - -
& = c;gl 2 (5.109)

n
CijNN

leads to the discretized connection equations in (5.111). In (5.108) the indices
1,7 = 1,2, and the first and second superscripts v,n = «, 8 refer, respectively, to
the weight function, and to the superscript of the expansion function.
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VI.8 The Tableau Equations for Discretized Fields

Using lower case symbols to describe the discretized quantities, the subdomain
equation (5.93) is written in its discretized form as (for details see Section VI.7)

o= o
= ~Ba ~ ﬁ . .
7 o &% | |

The matrix o is the multiport equivalent network which is used in the actual
numerical solution of the field problem. This network may be obtained in some
cases directly by projection (overlap integrals) from the Green’s functions of the
different regions. It is therefore crucial to select the appropriate Green’s function
representations, both for preserving phenomenological insight and for numerical
efficiency.

The connection equations (5.95) have been similarly discretized leading to the
following set of equations

<P =05 =P =Bp (5.111)

~aa ~af ~aa ~af
C11 €11 Cyo Gy
Co1 €1 Coo Coo

Py N RNR S
I
o

which defines the discretized connection network. From (5.111) we may express
the secondary fields in terms of the primary fields and, upon substitution into
(5.107), achieve solution of the field problem. This procedure may be convenient
in some particular cases, but the most general approach is achieved by using the
Tableau analysis.

Combining (5.110) and (5.111), we obtain the discretized form of the Tableau
equations,

~aa ~af _i ~

[0} (o] o
6" 5 -1
vt ~aB ~evey ~ 5.112
g f e (5:112)
~Ba ~BB ~Ba ~B
czf Cop ng Coo

Bt
I
(en)

As noted in [15, p. 225] we have as many Tableau equations as there are variables;
thus, the price paid for this completely general approach is that the Tableau anal-
ysis involves many more equations than other possible but specific formulations.
However, in the solution of complex structures, this fact turns out to be a blessing
in disguise because the associated matrix is generally extremely sparse, thereby
allowing use of highly efficient numerical algorithms.
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List of Symbols

Symbol Description Reference
a waveguide width (4.3)
A field component transverse to the radial distance r (2.206)
A magnetic vector potential (2.74)
A array (5.9)
A matrix (5.31)
K,\ real frequency-independent rank 1 matrix (5.67)
A, coefficients with index « (2.158)
! index (2.103)
b physical dimension (4.25)
B(r,t) magnetic flux density (2.1a)
B matrix (5.31)
B, real frequency-independent rank 1 matrix (5.71)
B,(z)  B-spline (bell-spline) (5.14)
Jé; index (4.25)
C contour (2.5)

¢ constant (2.195)
C constant (2.180)
Gt operator (5.94)
C matrix (5.31)
< matrices (5.108)
c propagation speed in a transmission line (5.46a)
o free-space propagation speed (2.92)
C, capacitance (5.52a)
Cin capacitance (5.53b)

d? (p) n-th basis function

u3 (
Dp(r7 t) electric flux density (
D matrix (
D?(z)  derivative operator (3.93a
D?(z)  derivative operator (
Sap Kronecker delta (
d(u — u’) delta function (
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Symbol  Description Reference
E(r,t) electric field strength (2.1a)
E(r) complex electric field strength in the frequency domain  (2.11)
OF difference of two electric fields (2.59)
E} transverse electric field on side « (5.21a)
E/ transverse electric field on side (5.21a)
e n-th basis functions for electric field side on side « (5.22Db)
e’ n-th basis functions for electric field side on side (5.22b)
e’'(p) TM orthonormal transverse vector eigenfunctions (3.29)
e/”(p)  TE orthonormal transverse vector eigenfunctions (3.37a)
€ infinitesimal increment (2.184)
€ electric permittivity (2.18b)
&; imaginary part of electric permittivity (2.61)
€0 free-space permittivity (2.19b)
& real part of electric permittivity (2.61)
e permittivity tensor (2.21Db)
n free space impedance (2.69)
f SL solution satisfying boundary condition on the left side (2.175)
f SL solution satisfying boundary condition on the right side (2.175)
F(u) a function of (u) (2.130)
F(u) functions replacing f, (u) (2.130)
F electric vector potential (2.84Db)
(Fk),, primary and secondary fields (5.85)
fa(u) eigenfunction (2.127)
Fjs B-th expansion function (5.4)
o basis amplitude coefficient (5.98d)
fg & =, array (5.104)
ts £ = «, 3 array (5.105)
Yri2 constants (2.94)
r parameter (2.177)
r parameter (2.177)
g(u,u'; \) one-dimensional Green’s function (2.165)
G scalar TM Green’s function (3.84a)
G" scalar TE Green’s function (3.85)
9, dyadic Green’s function (electric type) (2.236)
Y dyadic Green’s function (magnetic type) (2.242)
Gk operator relating ports jk (5.83)
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Symbol  Description Reference
H(r,t) magnetic field strength (2.1b)
OH difference of two magnetic fields (2.59)
HY transverse magnetic field on side « (5.21b)
H/ transverse magnetic field on side 3 (5.21b)
h;, n-th basis functions for magnetic field side on side « (5.22d)
h? n-th basis functions for magnetic field side on side g (5.22d)
h/(p)  TM orthonormal transverse vector eigenfunctions (3.29)
h"(p) TE orthonormal transverse vector eigenfunctions (3.37a)
H ,El)(kor) cylindrical Hankel function of first type (2.125)
H1g2)<k07") cylindrical Hankel function of second type (2.125)
hf,l)(kor) spherical Hankel function of first type (2.117)
hf,z)(kor) spherical Hankel function of second type (2.117)
I(t) current (2.7)
I8 ¢ = a, 3, field amplitudes of the magnetic fields (5.22d)
| array for the expansions coefficients of the magnetic field (5.25)
14 & = «, (3, arrays for the expansions (5.24)
coefficients of the magnetic field
Il(2) TM modal currents (3.31)
I'(2) TE modal currents (3.40)
7h(2) TM modal currents (3.43¢)
i/ (z) TE modal currents (3.43¢)
54 identity dyadic (2.236)
1 identity matrix (5.43b)
Jy(kor) cylindrical Bessel function (2.125)
Ju(kor)  spherical Bessel function (2.117)
J(r,t) electric current density (2.1b)
Jy impressed current density (2.33)
Js equivalent electric currents (2.67b)
J° constant vector (3.69)
k wavenumber (3.3)
K matrix (5.34b)
ko free—space wavenumber (2.91)
ky transverse wavenumber (3.25)
k(z) modified wavenumber (3.97)
K longitudinal wavenumber (3.25)
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Symbol Description Reference
14 line element vector (2.5)

l transmission line length Figure 5.7
A spectral parameter (2.128)
Aa eigenvalue (2.127)
A matrix with elements A5, (5.28)
AS €= a,f, matrix element mn (5.27)
L(u)  Sturm-Liouville operator (2.128)
L(u)  linear operator (5.1)

L matrix (5.10)
Ly vector operators (3.92¢)
Ly vector operators (3.92¢)
Ly vector operators (3.91a)
L vector operators (3.91a)
Los matrix elements (5.6)
Ly inductances (5.52b)
LL, inductances (5.52b)
L, inductances (5.53a)
M (r) magnetic current density (2.14a)
M"  constant vector (3.69)
M, equivalent magnetic currents (2.67b)
M matrix (5.42)
1 magnetic permeability (2.18b)
1k imaginary part of magnetic permeability (2.61)
Lo free—space permeability (2.19b)
7. real part of magnetic permeability (2.61)
Iz permeability tensor (2.21b)
n the outward unit vector normal to S (2.4)
N, (kor) cylindrical Neumann function (2.125)
n,(kor) spherical Neumann function (2.117)
v order of Bessel function (2.117)
v(s)  outward normal unit vector Figure (3.1
o zero matrix (5.97)
Oj operator (5.87)
o matrices (5.106)
w angular frequency (2.11)
w1 angular frequency in a transmission line (5.47)
Wopn angular frequency (5.54a)
Wosn angular frequency (5.54b)
W) angular frequency (5.58)



Symbol  Description Reference
D positive real function (2.127)
Pyn(p)  weighting functions (5.99)
P #(cos ) associated Legendre functions (2.116)
II, electric Hertz vector potential (2.87b)
11, scalar electric potential (3.19)
I, magnetic Hertz vector potential (2.87b)
I, scalar magnetic potential (3.35)
o) spherical and cylindrical coordinates (2.108)
oi(p) TM scalar transverse eigenfunfunction (3.27)
¢ electric scalar potential (2.77)
o scalar function (2.224)
P scalar function (2.224)
o(r,t) scalar field (2.90)
@ scalar function (3.76b)
D,,(1) flux of the magnetic induction (2.9)
po(r,t)  power loss density (2.34)
v magnetic scalar potential (2.84b)
Li(p) TE transverse scalar eigenfunction (3.37a)
q positive real function (2.127)
Q matrix (5.34b)
Q(t) charge (2.8)

r spherical coordinates: radial distance (2.108)
T vector indicating a position in space (2.1a)
R real part of a complex quantity (2.11)
P cylindrical coordinates: radial distance (2.108)
p transverse radial vector Figure (3.1)
pe(r,t)  electric charge density (2.1c)
Pm(7) magnetic charge distributions, (2.144d)
S contour along surface S Figure (3.1
S surface (2.4)

5 Laplace transform variable (2.15)
S(r,t) Poynting’s vector (2.36)
S(u) sources (2.169)
S(uy2)  sources impressed at the boundaries of the domain (2.170)
Sa expansion coefficients (5.7)

S array (5.9)
' (r,r") TM Green’s function (3.77b)
" (r,r") TE Green’s function (3.78b)
< TM Green’s function, inhomogeneous media (3.91c)
524 TE Green’s function, inhomogeneous media (3.92¢)
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Symbol Description Reference
t time variable (2.1a)
T(r) complex Poynting’s vector (2.43)
T stands for either u, v or w (2.94)
0 spherical coordinates (2.108)
tS ¢ = a, 3 array (5.103)
T!(z,2') TL current modal Green’s function (3.61b)
TV (z,2') TL voltage modal Green’s function (3.61a)
[, Transfer electic operator (2.243Db)
T, impedance operator (2.243b)
( Ak) transformation operators (5.86)
T, ! dyadic electric transfer function (3.79)
I dyadic magnetic transfer function (3.79)
U complex function (2.90)
u scalar variable (2.90)
u,(r)  vector basis functions (5.60a)
Us scalar variable taking the value of u or v/ (2.180)
Uc scalar variable taking the value of u or v/ (2.181)
U generic vector function (2.4)
v scalar variable (2.90)
v,(r)  vector basis functions (5.60Db)
V volume (2.4)
Vv generic vector function (2.4)
ov boundary of volume V' (2.38)
Ve & = a, 8, field amplitudes of the electric fields (5.22b)
\Y array for the expansions coefficients (5.25)
of the electric field
\'A & = a, 3, arrays for the expansions (5.23)
coefficients of the electric field
V/(z)  TM modal voltages (3.31)
V/(z)  TE modal voltages (3.40)
vl(2) TM mode currents (3.43d)
v (2) TE mode currents (3.43d)
w scalar variable (2.90)
w weight function, positive real function (2.127)
We a-th weight(test) function (5.3)
W (F, F) Wronskian (2.135)
we(r,t) electric energy density (2.28)
W, time averages of the electric energy density — (2.47)
Wy, (7, t) magnetic energy density (2.28)
Wy, time averages of the magnetic energy density (2.48)



Symbol

Y(z,2)
)/m,n(w)

Description
cartesian coordinate

cartesian coordinate

input admittance

TM modal admittance

TE modal admittance

TL current modal Green’s function
admittance matrix term
admittance operator

dyadic admittance

dyadic impedance

dyadic impedance

multiport admittance matrix

cartesian and cylindrical coordinate
unit vector in the z direction

input impedance

characteristic impedance

TM modal impedance

TE modal impedance

TM spherical modes
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Reference

wave impedances for the outward propagating (5.79b)

TE spherical modes

TL voltage modal Green’s function
impedance matrix term
impedance operator

dyadic impedance

dyadic impedance

dyadic impedance

multiport impedance matrix
variable

eigenvalues

free space admittance

inner product definition
partial derivative with respect to ¢
divergence

V x U(r) curl

transverse gradient operator
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Adjoint function, 44 radiation modes, 185
Adjointness properties, 44 Cauer, W., 178, 181
Ampere, A.M., 14 Chinn, G.C., 2
Architecture, 2 Chu, L. J., 180

Arndt, F., 2 Circulation, 16

Collin, R.E., 28, 59, 64, 125
Completeness relation, 45, 47
Basis function, 160 two-dimensional, 100
Belevitch, V_" 175, 178 Connection network, 2, 164
Besse.I fupctlons Kirchhoff current law, 167
cylindrical, 41 Kirchhoff voltage law, 167
spherical, 41 canonical forms, 169
Bianisotropic media, 20 properties, 169

Bouche, D.P., 1 scattering matrix, 169
Boundary condition, 20, 36 Conservation law. 15

linear homogeneous, 43 Constitutive relations, 18
Boundary integral method, 2 anisotropic media, 19

Bouwkamp, C.J., 58 Continued fraction expansion, 183, 184

Bajon, D., 2

Branch point, 56 TE modes, 184
Burnside, W.D., 1 TM modes, 183
Curl theorem, 15

Canonical circuit representation, 173
Canonical problems, 35

Cartesian coordinates, 37

Cauer canonic representation, 184

Current
distribution
electric, 72
magnetic, 72
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electric, 34
magnetic, 34
Cwik, T., 2

Delta function, 47

Dispersion relation, 38, 75
cylindrical coordinates, 43
spherical coordinates, 40

Divergence equation, 33

Divergence theorem, 15

Duality, 31

Dudley, D.G., 125, 164

Dyadic Green’s function
inhomogeneous medium, 91
piecewise homogeneous medium, 85
uniform region, 80

E mode, 120
Edge condition, 58
Eigenfunction, 38, 44
expansion, 45
two-dimensional, 141
resonant, 147
transverse, 75
transverse vector, 75
Eigenvalue, 38, 44
Eigenvalue problem, 38, 44, 49
angular domain, 151
Electric currents
not radiating on PEC, 30
Eleftheriades, G.V., 158
Elliott, R,S., 14
Equivalence theorem, 28
circuit analog, 31
Love, 29
Equivalent circuit, 175
Expansion function, 160

Faraday, M., 14

FD method, 1

Felsen, L.B., 2, 26, 35, 104, 181
FEM method, 1

Fichtner, N., 2

Field equivalence principles, 59

Forcing functions, 49
Foster equivalent circuit, 175
first kind, 175
second kind, 175
Foster representation, 172, 175, 178
first kind, 175
admittance representation, 173, 175,
179, 185
impedance representation, 173, 175,
180, 185
multiport, 176
second kind, 175
transmission line resonator, 172
Fourier transform, 140
Fractional expansion
175

representation,

Gauge condition, 34
Gauss theorem, 15
Gauss, K.F., 14, 15
Geometrical theory of diffraction, 1
Green’s function, 49
2-D eigenfunction expansion
in the (x, z)-domain, 146
in the x-domain, 142
in the z-domain, 144
alternative representations, 99, 147
characteristic, 93, 104, 110
characteristic (resolvent), 56
cylindrical coordinates, 150
E mode, 97
H mode, 94
modal, 83
multidimensional, 99
one-dimensional, 49
parallel plate waveguide, 125
radial-angular waveguides, 151
Sturm-Liouville problem, 49
transmission-line equation, 83
two-dimensional, 141
Green’s theorem
scalar, 62
vector, 63
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H mode, 106, 118
Hankel functions, 181
Harrington, R.F., 31, 34, 60, 62, 125,
159, 160, 175, 181
Helmholtz equation, 58, 74, 150
homogeneous, 35
scalar, 34
vector, 34
Helmholtz, H.L.F., 34
Hertz vector potential, 35
Hertz, H., 35
Hodges, R.E., 2
Hoefer, W.J.R., 159
Hoppe, D.J., 1
Huygens’ principle, 59, 62
mathematical version, 65
Huygens, C., 62

Inhomogeneous medium
dyadic Green’s function, 91

Inner product, 44

Ise, K., 2

Jakobus, U., 1
Jamnejad, V., 2
Jin, J.M., 2

Jones, D.S., 32, 59

Katehi, L.P., 158

Khlifi, R., 2

Kim, T.J., 1

Kirchhoff, G.R., 167, 191

Kong, J.A.) 19, 27, 28, 32, 59, 61, 125
Koshiba, M., 2

Kronecker delta symbol, 46
Kronecker, L., 168

Landstorfer, F.M., 1
Laplace operator, 37, 40
spherical polar coordinates, 40

Laplace transform, 18
Laplace, P.S., 18

Index

Lee, S.W., 159
Legendre function, 41
Legendre polynomial, 181
Lindell, I.V., 20
Lorentz

condition, 34

reciprocity theorem, 60, 61
Lorentz, H. A., 34
Lorenz, P., 2
Love equivalence theorem, 28
Lu, N, 2
Lukashevich, D., 2

Marcuvitz, N., 35
Maxwell’s equations, 14, 22, 60
5—domain, 18
differential form, 14
frequency domain, 17
integral form, 15
time—dependent form, 14
Maxwell, J.C., 14
Medgyesi-Mitschang, L.N., 1
Medium
anisotropic
biaxial, 19
uniaxial, 19
isotropic, 18
Meixner, J., 59
Method of moments, 1, 159
Miller, E.K., 1
Mittag-Lefler expansion, 173
Mittra, R., 1, 157, 159, 163
Modal
admittance, 76
characteristic impedance, 80
currents, 75
impedance, 76
propagation constant, 80
representations, 77
voltages, 75
Mode
resonant, 147
Mode amplitudes, 79
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Mode functions, 81
Mode matching method, 2
Molinet, F.A., 1
Moment method, 159
Mongiardo, M., 2, 26, 59, 125, 159
Multipole method, 2
Multiport
admittance, 179
reactance, 178

Network formulation
generalized, 2

Network representations
regions of finite volume, 171
regions of infinite volume, 180
regions of zero volume, 164

Newhouse, T.H., 1

Omar, A.S., 158
Operator

self-adjoint, 44, 49
Orthogonal eigenfunctions, 46
Orthogonality, 45
Oscillatory waves, 139

Parallel plate waveguide
eigenfunction completeness in the x-
domain, 130
eigenfunction  completeness rela-
tion in the bilaterally infinite
z-domain, 137
eigenfunctions in the z-domain, 127
eigenvalue problem, 126
eigenvalue problems in the semi-
infinite z-domain, 131
electric line source, 125
generalized completeness relation in
the semi-infinite z-domain, 131
Green’s function, 125
Green’s function in the z-domain,
127
Green’s function problem in the semi-
infinite z-domain, 134
Penfield, P., 26

Perfect electric conductor, 29
Perfect magnetic conductor, 29
Peterson, A.F., 163
Physical optics, 1
Piecewise homogeneous medium

dyadic Green’s function, 85
Potential, 32

Hertz, 35

Lorentz, 34

scalar, 33

TE, 76

™, 74

vector, 33
Potentials

scalar, 74
Poynting

theorem, 22

vector, 22
Poynting’s theorem

complex

integral form, 25

integral form, 23
Poynting’s theoreme

complex, 23
Poynting, J. H., 22
Primary fields, 186
Progressive waves, 139

Quarteroni, A., 163

Radial-angular waveguides, 150
completeness relation, 152
eigenvalue problem in the ¢—domain,
151

eigenvalue problem in the p-domain,
151

Green’s function, 151

Green’s functions alternative repre-
sentations, 153

Radiation condition, 56, 72

Rahmat-Samii, Y., 2

Ray, S.L., 163

Reaction, 59
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Reciprocity, 49
Reciprocity theorem, 60, 85
Reiter, J.M., 2
Resonance equation, 97
Resonant condition, 97
Righi, M., 159

Rozzi, T., 59

Rumsey, V.H., 59
Russer, P., 2, 20, 26, 158

Sacco, R., 163
Saleri, F., 163
Scalar eigenvalue problems, 81
Scalarization, 80
Schmidt, R., 158
Secondary fields, 186
Self-adjointness, 50
Separation constants, 38
Separation of variables, 35
Cartesian coordinates, 37
cylindrical polar coordinates, 41
spherical and polar coordinates, 40
Sihvola, A.; 20
Sommerfeld
radiation condition, 57
Sommerfeld, A., 57, 187
Sorrentino, R., 2, 159
Source, 49
magnetic, 34
Spherical polar coordinates, 41
Standing waves, 139
Stokes theorem, 15
Stokes, G.G., 15
Stratton, J.A., 15, 32, 62, 64
Sturm-Liouville operator, 43
Sturm-Liouville problem, 38, 43
Subdomain, 2

Tableau, 191
Tableau analysis, 195
Tableau equations, 186
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Tableau representation, 191
Tai, C.T., 64
TE immittance, 77
Tellegen’s theorem, 26, 166, 168
Tellegen, B.D.H., 19, 26, 166, 168, 190
TEM, 82
Testing function, 160
Theorems, 21
Thiele, G.A., 1
TLM method, 2
TLM multipole expansion method, 2
TM immittance, 76
Topological relationships, 190
Transmission-line

E mode, 80

equation, 76, 77

Green’s function, 83

equations, 80

H mode, 80, 94
Transverse electromagnetic, 82
Transverse field equations, 70
Transverse gradient operator, 71
Transverse—longitudinal decomposi-

tion, 72

Traveling waves, 139
TWF method, 2
Two-dimensional problems, 125

Uniqueness theorem, 27
Unit dyadic, 71

Van Bladel, J., 32, 58

Vector phasor, 17

Vector potential
Hertz, 35

Wait, J.R., 125

Wane, S., 2

Wang, D.S., 1

Wang, J.H., 159, 164

Wave equation
scalar, 35

Wave impedance, 71

Waveguide
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parallel plate, 125
uniform, 72
Wavenumber, 35, 38, 71
longitudinal, 75
angular, 40
conservation condition, 75
Weighting functions, 160
Wronskian, 45

Yuan, X., 1
Zuffada, C., 2
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